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ON NON-LIFTABLE CALABI-YAU THREEFOLDS
T. EKEDAHL
Abstrat. Only two ways to onstrut non-liftable Calabi-Yau threefolds are urrently
known, one example by Hirokado (f. [Hi99℄) and one method of Shröer (f. [S03℄). This
artile omputes some ohomologial invariants of these examples of non-liftable Calabi-
Yau threefolds, in partiular it omputes their mini-versal deformations. One onlusion is
that their mixed harateristi mini-versal deformation spaes are atually smooth over the
harateristi p base eld. Furthermore, a new family, onstruted in the spirit of Shröer,
is introdued and the same alulations are performed for it.
There are only a small number of known example of non-liftable Calabi-Yau manifolds. There
is a 3-fold in harateristi 3 onstruted by Hirokado (f. [Hi99℄) and two examples of Shröer
(f. [S03℄), one in harateristi 3 and one (or rather a family) in harateristi 2. In view of
the urrent sarity of examples it seems interesting to study their properties and partiularly, in
view of the fat that Calabi-Yau varieties in harateristi 0 are unobstruted, their deformation
theory. In this paper we shall indeed make a study of their ohomologial invariants as well as
determining their miniversal deformations. For Hirokado's example we obtain in partiular the
following result.
Theorem A The Hirokado threefold X is arithmetially rigid, i.e., for a A ∈ CZ3 and a
deformation of X over A we have that 3A = 0 and the deformation is of the form X × SpecA.
Remark: This implies arithmeti rigidity over any (perfet) eld k of harateristi 3 as the
hull ommutes with base hange W(F3) → W(k). Alternatively, the proof nowhere makes use
of the fat that the base eld is F3.
The main observation used in the proof of this theorem is that X has a manifestation as a
Deligne-Lusztig type variety assoiated to the GrassmannianGr(2, 4). This presentsX as a small
resolution of a omplete intersetion of type (2, 4) in P5 whih allows for the omputation of all
its Hodge numbers. This proves rigidity in harateristi 3. To show arithmeti rigidity we use
an idea of Serre (f. [Se61℄) and show that if the variety lifted to W/9 then also a representation
of a group of automorphisms of the variety would lift whih it doesn't.
As for Shröer's examples we shall show rst that there is a third family of the same type,
namely admitting a smooth penil of supersingular (in the sense of having ρ = 22) K3-surfaes.
We then show the following result.
Theorem B A versal W(k)-deformation spae for a Calabi-Yau threefold in positive har-
ateristi whih is the total spae of a smooth penil of supersingular K3-surfaes is a smooth
k-sheme.
The proof onsists rst of a determination of the dimension of the tangent spae of a miniversal
deformation ombined with the fat that that dimension an be realised by an atual deformation
in harateristi p. This shows that a versal k-deformation is smooth. To then show that the
W-deformation spae is no larger we shall use the easily established fat that if the mod p
deformation spae is smooth and the W-deformation spae is not killed by p then there is a
deformation over W/p. This will almost ontradit a theorem of Deligne and Illusie as we shall
see that the Hodge to de Rham spetral sequene does not degenerate. The result of Deligne
and Illusie is not appliable as it stands in the ase when we are dealing with threefolds in
harateristi two but we shall onlude using some additional reasoning. In order to perform
the required alulations as well as to show the existene of a third family of examples we shall
use Ogus' theory of periods of supersingular K3-surfaes (f. [Og79℄).
More preise results on the dimension of the miniversal deformation will be given in setion
5. Just as in the ase of Hirokado's example we shall also ompute the Hodge-ohomology and
ontrary to Hirokado's example we ompute the de Rham-ohomology.
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1 The ohomology of omplete intersetions
In the next setion we shall need an extension of some of the omputations of [De73℄ to not ne-
essarily smooth omplete intersetions. We begin by a preliminary result on the wedge ltration
of some not neessarily loally free modules. Let us reall that if
0→M −→ N −→ P → 0
is a short exat sequene of O-modules on a sheme X then the wedge ltration on ΛnN is given
by the images of the maps ΛiM
⊗
Λn−iN given by wedge multipliation.
Lemma 1.1 Suppose that X is a noetherian sheme, Z a losed subset and k an integer suh
that depthxOX,x ≥ k for all x ∈ Z. Suppose that
0→ E −→ F −→M→ 0
is a short exat sequene with E and F loally free and M loally free outside of Z. Set
n := rkF − rk E .
i) The suessive quotients of the saturation of the wedge ltration of ΛmF are isomorphi
to ΛiM
⊗
Λm−iE for m ≤ k.
ii) For every x ∈ Z we have depthx Λ
mM≥ k −m.
iii) If k ≥ 2 there is a map ΛnM→ detM that is an isomorphism outside of Z, where detM
is the determinant of any loally free resolution of M so that detM = detF
⊗
(det E)−1.
iv) If k −m ≥ 2 then wedge multipliation omposed with the map ΛnM→ detM indues
an isomorphism ΛmM←˜− Hom(Λn−mM, detM).
v) Suppose that π:X → S and f :S′ → S are maps of shemes suh that π(x) = s =
f(s′). Assume that ToriOS,s(OS′,s′ ,OX,x) = Tor
i
OS,s(OS′,s′ ,MX,x) = 0 for all i > 0. Then
ToriOS,s(OS′,s′ ,Λ
mMX,x) = 0 for m ≤ k.
Proof: To begin with, note that, by [SGA2, Prop. III:3.3℄, depthxOX,x ≥ k for all x ∈ Z
if and only if HiZ(O) = 0 for i < k and that similarly depthx Λ
mM ≥ k − m if and only if
HiZ(Λ
mM) = 0 for i < k −m. The ase m = 0 follows from the assumptions. For m > 0 we
onsider the wedge ltration {0} ⊆ G0 ⊆ G1 ⊆ . . .Gm = ΛmF and we have
• For 0 ≤ r ≤ m there is a surjetive map Λm−rE
⊗
ΛrM→ Gr/Gr−1.
• When r = m this map is an isomorphism so that Gm/Gm−1 = ΛmM.
Note furthermore that HiZ(Λ
m−rE
⊗
ΛrM) = Λm−rE
⊗
HiZ(Λ
rM) so that by indution
HiZ(Λ
m−rE
⊗
ΛrM) = 0 if r < m and i ≤ k − m. Outside of Z M is loally free and then
it is well-known that Λm−rE
⊗
ΛrM → Gr/Gr−1 is an isomorphism. Hene its kernel has sup-
port in Z and as H0Z(Λ
m−rE
⊗
ΛrM) = 0 the kernel is atually zero. Hene we have short exat
sequenes
0→ Gr−1 −→ Gr −→ Λm−rE
⊗
ΛrM→ 0
whih imply that HiZ(G
m−1) = 0 when i ≤ k −m+ 1 and in any ase HiZ(G
m) = 0 when i < k
as Gm = ΛmF is loally free. Then using the short exat sequenes
0→ Gm−1 −→ Gm −→ ΛmM→ 0
we onlude that HiZ(G
m−1) = 0 when i ≤ k −m.
Outside of Z we have an isomorphism ΛnM = detM and by the depth onditions on O,
detM = j∗ detMU , where j:X \ Z → X , so that the map of iii) is simply the adjuntion map.
As for iv), again by the depth ondition Hom(N ,P) = j∗Hom(NU ,PU ) for any O-module M
and any loally free O-module P . This redues iv) to the same statement over U where it is
lear.
Finally, v) follows easily from i) and indution.
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We shall now prove an extension of [De73, Prop. 1.3℄ whih will allow singularities. As we
shall not need it, we will however dispense with the auxiliary sheaf F of [lo. it.℄ (the proof will
not go through without some onditions on F).
Proposition 1.2 Let f :X → S be a smooth and proper morphism, W a loally free sheaf on
X of rang c, d an integer > 0 and s:W → OX a setion of W∗. Suppose that S is noetherian
and that
1. The singular lous of the map H → S has brewise odimension ≥ k, where H is the
subsheme of X dened by the vanishing of s.
2. If the si are the oordinates for s in a loal basis of Wˇ then the si is a regular OX -sequene.
3. For any sequene ki of integers, not all of whih are zero, one has
Rif∗(
⊗
iΛ
kiW
⊗
ΩjX/S) = 0
for i+ j < d and j < k.
Then
1. Rif∗Ω
j
X/S −˜→ R
if∗ΩH/S for i+ j < d− c and j < k.
2. Rif∗Ω
j
X/S →֒ R
if∗ΩH/S for i+ j < d− c and j < k.
Proof: Just as in [De73, Prop. 1.3℄ we will use the exat sequene
0→WH −→ Ω
1
X/S −→ Ω
1
H/S → 0.
As H is loally dened in X by a regular sequene H is at over S and as the above exat
sequene remains exat over bres of f so is Ω1H/S . Hene the Tor-onditions of (1.1) are fullled
and the formation of ΩmH/S ommutes with base hange for m ≤ k. Using this, loalising and
using Grothendiek's theorem on formal funtions we redue to the ase when S is Artinian and
in partiular Cohen-Maaulay. This means that the depth onditions of Lemma 1.1 are fullled.
Using it, the proof of [De73, Prop. 1.3℄ goes through essentially unhanged.
Just as in [De73, Thm. 1.5℄ we may ombine the proposition with duality to obtain results
on the ohomology above the diagonal. However, beause of the presene of singularities, the
results one would obtain would be muh weaker and in fat too weak to be of any use to us. We
therefore restrit ourselves to giving the immediate appliation of what we have obtained so far
to omplete intersetions in projetive spae.
Corollary 1.3 Let Y be an n-dimensional omplete intersetion in Pr with only isolated
singularities. For the Hodge numbers hijY := dimH
j(Y,ΩiY ) we have that h
ij = δij when i+j < n.
Furthermore, the Euler harateristi of ΩiY for i < n is the same as that for a non-singular
omplete intersetion (f. [De73, Thm. 2.3℄).
Proof: This is a diret onsequene of the proposition and for the statement on the Euler
harateristi by its proof.
2 Hirokado's variety
We shall now onsider the deformation theory of Hirokado's ([Hi99℄) example of a non-liftable
Calabi-Yau threefold in harateristi 3. Before that we will need some preliminaries on foliations.
Note that we shall nd it onvenient in this setion to dene projetive spae as onsisting of
lines rather than hyperplanes of a vetor spae.
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Let f :X → Y be a purely inseparable nite at map of degree p between smooth varieties
over a perfet eld k of harateristi p and let E be the kernel of the dierential of f . Suppose
that s:S := Speck[δ] → Y is a tangent vetor of Y and onsider the bre produt of it and f .
It gives a nite at map T → S of degree p and as f loally is given by the extration of a p'th
root of a funtion T is of the form R = k[δ][t]/(tp − s) with s ∈ k[δ]. Up to addition of a p'th
root to and saling of s we have only two possibilities: Either s = δ or s = 0. In the latter ase
T → S has a setion and the tangent vetor s lifts to a tangent vetor of X . In the former ase
it doesn't and R is isomorphi to k[t]/(t2p) with δ mapping to tp.
Suppose onversely that we have a map t:T := Speck[t]/(t2p) → X and we are looking for
onditions that the omposite T → X → Y fator through T → S, where the latter map is
given by δ → tp. This happens preisely when the equivalene relation on T indued by T → S
maps into the equivalene relation on X indued by X → Y . The latter equivalene relation is
indued by the foliation E so the ondition translates into requiring that for any loal setion of
E around the image point of the image of the losed point of T there should be a relative vetor
eld of T → S that is ompatible with that setion. As E is loally generated by one element it
is enough to verify that on suh a generator. In partiular the image of T should be tangent to
the foliation but as we shall see this is not enough in general.
Let us now momentarily onsider the general situation of a smooth variety (in any hara-
teristi) and a sub-bundle E of rank r of the tangent bundle that is losed under ommutators.
Being a sub-bundle it gives a setion e of the Grassmannian bundle G of r-dimensional subspaes
of the tangent bundle. Being, as we shall see, somewhat analogous to the Gauss map we will all
it the Gauss setion assoiated to E .
Lemma 2.1 Let E be a rank r subsheaf of the tangent sheaf of a smooth variety V that is
losed under ommutators, let G be the bration of r-dimensional subspaes of the tangent sheaf
and e the Gaussian setion of G assoiated to E . Suppose we have hosen oordinate funtions
x1, . . . , xn on U and use them to trivialise the tangent bundle and hene G. Then the dierential
of the omposite f of e and the projetion G → Gr(r, n) vanishes on E .
Proof: Pik a geometri point s of V . After a linear hange of oordinates we may assume
that Es is spanned by ∂/∂x1, . . . , ∂/∂xr. For a tangent vetor v ∈ TV,s we laim that we may
ompute its image under the dierential of f as follows. Lift v to a vetor eld D on U . Take
any vetor eld E ∈ E and onsider the ommutator [D,E]. Evaluate it at s and onsider the
oeients in front of ∂/∂xr+1, . . . , ∂/∂xn. This gives a linear map Es → TV,s/Es whih is the
dierential of v. That this is so is easily seen as the value at s of any E ∈ E has zero oeients in
front of ∂/∂xr+1, . . . , ∂/∂xn. The lemma now follows diretly as E is losed under ommutators.
Let us now onsider the speial ase when we have an open subset V of n-dimensional pro-
jetive spae and a sub-bundle E of TV losed under ommutators. We may onsider the inverse
image E˜ of E in TV˜ , where V˜ is the inverse image of V under the natural map A
n+1 \ {0}. Then
E˜ will also be losed under ommutators and hene has a Gauss setion. However, TV˜ has a
trivialisation oming from linear vetor elds and hene we may ompose the Gauss setion with
projetion of the Grassmann bundle onto Gr(r+1, n+1) giving a map f : V˜ → Gr(r + 1, n+ 1).
This map is invariant under the Gm-ation on V˜ and so desends to a map V → Gr(r+1, n+1).
Working only on V it may be desribed as follows: Take the inverse image of E under the natural
surjetion O(1)n+1 → TV and onsider the setion thus obtained of the Grassmann bundle of
O(1)n+1. This bundle is trivial so we may ompose with the projetion to Gr(r + 1, n+ 1).
Proposition 2.2 With the above notations the kernel of the dierential of f ontains E . In
partiular, if E is integrable and the quotient by it exists (as an algebrai variety) then f fators
through this quotient.
Proof: This follows immediately from the lemma applied to E˜ .
We shall all this map the Gauss map of E .
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Let us now put ourselves in harateristi p and onsider the homogeneous vetor eld D :=∑n
i=0 x
p
i ∂/∂xi, where we throughout this setion will assume that n ≥ 3 (n = 1 is trivial
while n = 2 an be analysed in a similar fashion). It and the Euler vetor eld
∑n
i=0 xi∂/∂xi
generates a (p-)integrable foliation on An+1 (whih is singular at the Fp-rational points) and
desends to a foliation E on Pn whih is easily seen to be rationally generated by the vetor eld∑n
i=1(x
p
i −xi)∂/∂xi onsidered by Hirokado in ([Hi99℄). It has singularities at P
n(Fp). We shall
study the Gauss map of this foliation (and at the same time reprove some of Hirokado's results).
Lemma 2.3 i) E is invariant under PGLn+1(Fp).
ii) The Gauss map Pn \ Pn(Fp) → Gr(2, n + 1) assoiated to E extends to a regular map
from the blowing up P˜n of Pn at Pn(Fp). Restrited to an exeptional divisor this extension is
an embedding with image the lines that ontain the blown up point. In partiular the foliation
given by E is smooth on all of P˜n.
iii) The extended Gauss map P˜n → Gr(2, n + 1) ontrats the (strit transforms of) Fp-
rational lines in Pn.
iv) Two points of P˜n map to the same point of Gr(2, n+ 1) if and only they lie on the strit
transform of the same Fp-rational line.
v) Let X be the quotient of P˜n by E . Then the indued map X → Gr(2, n+1) is an immersion
outside of the images of the strit transform of the Fp-rational lines.
Proof: The rst part is lear as the Euler vetor eld is invariant under all linear transforma-
tions and
∑n
i=0 x
p
i ∂/∂xi transforms like the Euler vetor eld for transformations in GLn+1(Fp).
For the seond part we notie that in homogeneous oordinates the Gauss map is given by
assoiating to (x0: . . . :xn) the spae spanned by the 2× (n+ 1)-matrix(
xp0 x
p
1 . . . x
p
n
x0 x1 . . . xn
)
if it is 2-dimensional. By the rst part we need only look at the point (1: 0: . . . : 0) and furthermore
we still have enough of transformations left so that it is enough to look at only one of the pathes
of the blowing up. We may subtrat the top row from the bottom, substitute xi = sisn for
1 ≤ i < n and sn = xn, divide the bottom row by sn and nally put sn equal to 0. This
shows that the restrition of the Plüker embedding to the hosen path maps (s1, s2, . . . , sn−1)
to the 2-dimensional spae spanned by the vetors (1, 0, . . . , 0) and (0, s1, . . . , sn−1, 1). These
are learly independent so that the map has no base points and equally learly is an embedding.
Furthermore, we see that we get in this way exatly the lines that pass through (1: 0: . . . : 0).
To ontinue with iii) let to begin with x and y be two distint non-Fp-points in P
n
and assume
that the map to the same point in Gr(2, n+1). This is equivalent to (x, xp) and (y, yp) spanning
the same 2-dimensional vetor spae V . By assumption x and y are linearly independent so they
span this ommon spae and hene xp and yp are ontained in V . This means that V is stable
under the p'th power and hene is dened over Fp so that x and y lie on the same Fp-rational
line. Conversely of x and y lie in the same Fp-rational vetor spae then so do x
p
and yp and
hene (x, xp) and (y, yp) span the same vetor spae.
Turning to iv) let now x be a non-rational point y a point on an exeptional divisor and
assume that they map to the same point. Using the ation of PGLn+1(Fp) we may assume that
y lies over (1: 0: . . . : 0) and in the same path as in the proof of ii) and so it's image is the spae
spanned by (1, 0, . . . , 0) and (0, s1, . . . , sn−1, 1) for some si. On the other hand x maps to the
spae spanned by x and xp. Hene by assumption y = (x1, . . . , xn) and y
p
span a 1-dimensional
spae and so it's a multiple of an Fp-rational point and we may assume it is Fp-rational. This
fores the si to be rational and hene the line that is the ommon image is Fp-rational and x
lies on a rational line and y is easily seen to be the intersetion of the strit transform of that
line and the exeptional divisor.
As for v) let us start by onsidering a point y that lies under a geometri point x of P2
whih does not lie on a Fp-rational line. We identify tangent vetors to Gr(2, n + 1) at the
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spae V spanned by (x, xp) rst with linear maps V → kn+1/V and then with pairs of vetors
(u, v) of kn+1/V , where u is the image of x and v of xp. In this form a tangent vetor u of
TxP
n
, whih itself is a vetor in kn+1/x, is mapped to the pair (u, 0). This gives the image of
the subspae of TyX of vetors that lift to P˜
n
. Consider now the Pn-point x + txp + tp+1xp
2
of S := k[t]/(t2p). We onfuse x with a generator of that line in kn+1 and hene may lift the
situation to the ane spae and onsider
∑
i x
p
i ∂/∂xi as a loal generator of the foliation. This
generator takes x + txp + tp+1xp
2
to xp + tpxp
2
whih on the other hand an be obtained by
applying the vetor eld ∂/∂t to x + txp + tp+1xp
2
. Hene our desent ondition on this point
is fullled and it desends to a tangent vetor on X . (Note that we are fored to add the term
tp+1 to make this work hene we have given an example of the fat that it is not enough to have
the point being tangent to the foliation.) Let us now onsider the image of the point under the
Gauss map. It is mapped to the spae spanned by xp+ tpxp
2
and x+ txp + tp+1xp
2
whih is the
same as the spae spanned by xp+ tpxp
2
and x and hene the tangent vetor on Y is mapped to
(0, xp
2
). As x does not lie on a Fp-rational line, x
p2
does not lie in V and hene the image of the
tangent spae TyY in the tangent spae of the Grassmannian is n-dimensional. What remains to
onsider is a point on an exeptional divisor away from an intersetion with the strit transform
of an Fp-rational line whih is simpler than the one just onsidered and left to the reader.
We have thus shown that the Hirokado variety X is a (very) small resolution of singularities
of its image in Gr(2, n+1). We shall now identify this image with a Deligne-Lusztig style variety.
Hene let F be the losed subsheme of Gr(2, n+ 1) of 2-dimensional subspaes V of kn+1 suh
that V ∩ F ∗V 6= {0}, where F is the relative Frobenius map and let F˜ be the sheme of partial
ags L ⊂ V ⊂ kn+1 with dimL = 1 and dimV = 2 suh that L ⊂ F ∗V . We have a forgetful
map F˜ → F whih is an isomorphism outside of the Fp-rational subspaes V . The Gauss map
Pn \Pn(Fp)→ Gr(2, n+ 1) takes x to the spae V spanned by x and xp. Then xp ⊆ V ∩ F ∗V
and hene the image of the Gauss map lies in F . On the other hand, if we put L := xp we have
a ag L ⊂ V with L ⊂ F ∗V and hene we get a map Pn \Pn(Fp) → F˜ whih is easily seen to
extend to P˜n → F˜ . Birationally this is just the Gauss map so it fators to give a map X → F˜ .
Proposition 2.4 i) The map X → F˜ is an isomorphism.
ii) F is a Cohen-Maaulay variety and F˜ → F is a resolution of singularities of F .
iii) The positive dimensional bres of F˜ → F are P1's with onormal bundle isomorphi to
O(1)n−1.
Proof: We onsider one further sheme F˜ ′ namely that of a ag L′ ⊂ V ⊂ kn+1 with dimV = 2
and dimL′ = 1 and F ∗L′ ⊂ V . We map F˜ ′ to F˜ by mapping (L′ ⊂ V ) to (F ∗L′ ⊂ V ). We
get a map F˜ ′ → Pn by forgetting V . It is lear that this map is an isomorphism at the open
subsheme where L′ 6= F ∗L′ as then V = L′+F ∗L′ and that the exeptional set maps to Pn(Fp).
It is equally lear that this map is just the blowing up of the Fp-rational points of P
n
so that
F˜ ′ = P˜n. Going bakwards it then also follows that the forgetful map F˜ ′ → F is the same as
the Gauss map.
It an be shown diretly that F˜ is smooth but it also follows from the rst part. It again
follows from that part that dimF = F˜ = n and then the fat that F is Cohen-Maaulay follows
from [Fu84, Thm. 14.3 ()℄.
Finally, it follows from (2.3), but an just as easily be seen diretly, that F˜ → F is an
isomorphism outside of the points V on F for whih F ∗V = V , i.e., the Fp-rational points of
Gr(2, n+1) and that the map ontrats exatly the urve of lines in V for eah suh rational V .
To ompute the onormal bundle we will use the modular interpretation of F˜ and we therefore
start with a short disussion on how to see the normal bundle in that ontext.
Let thus Y be a smooth variety over a eld k and Z ⊂ Y a smooth subvariety. By onstrution
maps Z[ǫ]→ Y that restrits to the inlusion Z ⊂ Y orrespond to maps Ω1Y |Z → OZ . We have
the onormal bundle sequene
0→ NˇY/Z −→ Ω
1
Y |Z −→ Ω
1
Z → 0,
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and the maps Ω1Y |Z → OZ that fator through Ω
1
Y |Z → Ω
1
Z orrespond to the omposite of
the trivial map Z[ǫ] → Z ⊂ Y and the automorphism of Z[ǫ] → Z[ǫ] orresponding to the
vetor eld Ω1Z → OZ . Consequently let us onsider the presheaf G that to eah open subset
U ⊆ Z assoiates the set of extensions of Z →֒ Y to Z[ǫ] modulo the automorphisms of Z[ǫ] that
ommute with multipliation by ǫ and indue the identity on Z. Then the assoiated sheaf is
the normal bundle of Z in Y (with the evident OZ -module struture).
As all exeptional urves of F˜ → F are onjugate under the ation of GLn+1(Fp) it is enough
to onsider the rational plane spanned by e1 := (1, 0, . . . , 0) and e2 := (0, 1, . . . , 0). We thus have
P1 →֒ F˜ given by (x: y) 7→ (〈e1, e2〉, (x: y)). Let U be an open subset of P1 and onsider an
extension of U →֒ F˜ to U [ǫ]. It is given by a line Lǫ and a plane Vǫ with Lǫ ⊆ Vǫ ∩ F ∗Vǫ. Now,
F ∗Vǫ is the onstant plane V := 〈e1, e2〉 and thus in partiular Lǫ ⊂ V . By an ǫ-automorphism
of U [ǫ], whih is the identity on U we an make Lǫ onstant, i.e., equal to (x: y). This takes
are of all automorphisms so that by assuming this we do not need to further onsider dividing
out by automorphisms. The only variation left is that of Vǫ. There is a unique basis of it of
the form e′1 := (1, 0, ǫa1, . . . , ǫan−1) and e
′
2 := (1, 0, ǫb1, . . . , ǫbn−1). It ontains L preisely when
xai + ybi = 0 for all i or in other words that (ai, bi) lies in the kernel of (r, s) 7→ xr + ys. The
sheaf of suh solutions is O(−1) so that the normal bundle is isomorphi to O(−1)n−1.
Remark: i) Let us reall the onstrution of Dikson of generators for the ring of invariants for
the ation of GLn(Fp) on Fp[x1, . . . , xn]. One rst onsiders the determinant
Dn,i(x1, . . . , xn) =
∣∣∣∣∣∣∣∣∣∣∣∣∣
xp
n+1
1 x
pn+1
2 · · · x
pn+1
n
xp
n
1 x
pn
2 · · · x
pn
n
. . . . . . . . . . . . . . . . . . . . . . . . .
x̂p
i
1 x̂
pi
2 · · · x̂
pi
n
. . . . . . . . . . . . . . . . . . . . . . . . .
x1 x2 · · · xn
∣∣∣∣∣∣∣∣∣∣∣∣∣
and then a set of generators for the invariants onsist of di := Dn,i/dn for 1 ≤ i < n and dp−1n ,
where dn := Dn,n+1. The ation of the vetor eld D on the Dn,i is very simple, in fat all the
rows of the matrix onsist of onstants exept for the rst one and the rst one is mapped into
the seond row exept when i = 1. This gives D(Dn,i) = 0 if i 6= 1 and D(Dn,1) = Dpn. This
observation was the starting point for the onsideration of what is the Gauss map in the Hirokado
ase as its 2× 2-minors would be D-onstants for the same reason. Note also that the ation of
D on the di is equally pleasant; D(di) = 0 if i 6= 1 and D(d1) = dn so that in partiular the ring
of D-onstant and GLn(Fp)-invariant polynomials is the polynomial ring Fp[d
p
1, d2, . . . , dn].
ii) The derivation D appears in another, from the geometri point of view rather intriguing,
ontext. Let p be an odd prime. The subring of the ohomology ring H∗((Z/p)n,Fp) generated
by the elements xi of H
2((Z/p)n,Fp) obtained by applying the Bokstein operator to the proje-
tions ei of H
1((Z/p)n,Fp) = Hom((Z/p)
n,Fp) is a polynomial algebra Fp[x1, . . . , xn]. The rst
Steenrod operation P 1 is a derivation and takes xi to x
p
i so equals D. The invariane of D under
GLn(Fp) is then an immediate onsequene of the fat that this group operates by ontinuous
maps on K((Z/p)n, 1). The situation for p = 2 is similar; the whole ohomology is a polynomial
ring and P 1 is to be replaed by Sq1.
3 Hodge ohomology
The last proposition of the previous setion allows us to ompute the higher diret images of the
sheaf of i-forms for all i of the map F˜ → F .
Proposition 3.1 Let π: F˜ → F be the anonial map and let E be the disjoint union of the
exeptional urves for π.
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i) Riπ∗Ω
j
F˜
= 0 if i > 1 or i = 1 and j 6= 1 where 0 ≤ j ≤ n.
ii) The omposite of the restrition map R1π∗Ω
1
F˜
→ R1π∗Ω1E and the trae map R
1π∗Ω
1
E →
OS , where S is the (redued) image of E under π, is an isomorphism.
iii) π∗Ω
i
F equals j∗Ω
i
U , where j:U → F is the inlusion of the non-singular lous.
Proof: It follows from (2.4:iii) that IE/I2E is isomorphi to O(1)
n−1
and then ImE /I
m+1
E is
isomorphi to Sm(O(1)n−1). On the other hand we have the exat sequene
0→ IE/I
2
E −→ Ω
1
F˜
/IΩ1
F˜
−→ Ω1E → 0.
From this, and the omputation of ohomology of sums of line bundles on P1 it follows immedi-
ately that Hi(F˜ , InΩ1
F˜
/In+1Ω1
F˜
) = 0 for i, n > 0 and that the map Ω1
F˜
/IΩ1
F˜
→ Ω1E indues an
isomorphism on Hi for i > 0. The rst two parts now follows from Grothendiek's theorem on
formal vs. ordinary diret images. The last statement follows as the odimension of E in F˜ is
≥ 2.
In order to ompute further we shall be fored to speialize to the ase n = 3. We may
embed Gr(2, 4) in P5 by the Plüker embedding where it is the quadri hypersurfae given by
the Plüker relation, the quadrati form q(x). If b(x, y) is the bilinearisation of q then the lines
in P3 meet if and only b(a, b) = 0, where a resp. are the Plüker oordinates of the two lines.
This means that F is the omplete intersetion of Gr(2, 4) = {q(x) = 0} and {b(x, xp) = 0},
hypersurfaes of degree 2 and p + 1. We would now like to apply the previous proposition to
ompute the Hodge numbers of F˜ and using the fat that F is a omplete intersetion. We start
this investigation with F .
Remark: The fat that F is a omplete intersetion has an interesting onsequene when p = 3.
Starting with the Calabi-Yau threefold X = F˜ we pass to F by ontrating some urves, we an
then deform F to a smooth omplete intersetion of type (2, 4) in P5 whih again is a smooth
Calabi-Yau manifold. These steps are a well-known way to onnet dierent Calabi-Yau varieties
and we see that Hirokado's threefold, whih is not itself liftable, an be onneted to a liftable
Calabi-Yau variety.
3.1 Linear algebra interlude
We shall need some linear algebra preliminaries.
Let us reall (f. [Ro63℄) that the free divided power algebra Γ(V ) is homogeneous with
degree p omponent Γp(V ). It will appear in our ontext as the dual of Sp(V ) is Γp(V ∗), indeed
the divided power algebra Γ(V ∗) is a Hopf algebra by mapping γn(x) to
∑
i+j=n γi(x) ⊗ γj(x)
whih gives a Hopf algebra struture on its (degreewise) dual Γ(V ∗)∗. It equals V in degree and
hene gives a map S(V )→ Γ(V ∗)∗ whih is the desired isomorphism. This duality may also be
desribed as identifying S(V ) with the algebra of onstant oeient divided power dierential
operators on Γ(V ∗) or by identifying Γ(V ∗) with onstant oeient dierential operators on
S(V ). The maps between Γ∗'s that we will onsider are of several types.
Denition 3.2 Let V be a nite dimensional vetor spae over a eld of harateristi p > 0.
i) For every q ∈ Sn(V ) the dual of multipliation Sm(V )→ Sm+n(V ) by q whih gives a map
Γm+n(V ∗) → Γm(V ∗) whih we shall all the ontration operator; it an also be desribed as
the ation by q onsidered as a divided power dierential operator.
ii) Piking out bihomogeneous omponents of the oprodut on Γ(V ) gives maps Γi+j(V )→
Γi(V )
⊗
Γj(V ). We shall all them splitting operators.
iii) The maps Γpn(V )→ F ∗Γn(V ), where F is the Frobenius map k → k. They are dual to
the p'th power maps F ∗Sn(V ∗) → Spn(V ∗) and an desribed expliitly by the fat that they
take γpn(v) to γn(v). They will be alled Frobenius operators.
iv) In the speial ase when V = Λ2U we get a map Λ4U → Γ2(Λ2U); by piking out the
(1, 1)-omponent of the oprodut on the exterior algebra gives a map Λ4U → Λ2U
⊗
Λ2U and
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by the oommutativity of the oprodut the image is ontained in the invariants under Σ2,
i.e., Γ2Λ2U . For any k ≥ 1 we then also get a map Γk(Λ4U) → Γ2k(Λ2U) as the omposite of
Γk(−) applied to the map Λ4U → Γ2(Λ2U) omposed with the natural map Γk(Γ2(Λ2U)) that
is indued by the map that to u ∈ Γ2(Λ2U) assoiates γk(u) ∈ Γ2k(Λ2U). These maps will be
alled the opairing maps.
Over a nite eld we have a urious map from the rational points of projetive spae on a
vetor spae to some divided powers of it that will atually our as a map in a Leray spetral
sequene.
Denition-Lemma 3.3 Let Fq be nite eld with q elements and V a nite-dimensional Fq-
vetor spae. Let k be an integer divisible by q − 1.
i) For a 1-dimensional subspae U ⊆ V and 0 6= e ∈ U , γk(e) ∈ ΓkV is independent of e and
hene gives a well-dened element that will be denoted γk(U).
ii) For an n-dimensional subspae U ⊆ V we dene γk(U) ∈ ΓkΛnV by γk(U) := γk(ΛnU).
We shall all it the k'th Plüker map.
Proof: Another hoie e′ has the form λe for 0 6= λ ∈ Fq and we have γk(e′) = λkγk(e) and
λk = 1 as q − 1|k.
Proposition 3.4 Let V be four-dimensional and q = p, a prime, let V1 ⊂ V be a two-
dimensional subspae and G the group of linear automorphisms of V preserving V1.
i) The ation of G on Γp−1Λ2V has exatly the spae spanned by γp−1(V1) as its spae of
invariants.
ii) When p = 3 the ation on Γ2(p−1)Λ2V has the spae spanned by γ2(p−1)(V1) and the
image of Γ2(p−1)(Λ4V ) under the opairing map as its spae of invariants.
Proof:
We hoose a omplement V2 to V1 and start by onsidering the invariants under the ation of
the subgroup of G preserving also V2. This subgroup is isomorphi to GL2(Fp)×GL2(Fp) and
we have Λ2V = Λ2V1
⊕
V1
⊗
V2
⊕
Λ2V2. This gives
ΓkΛ2V =
⊕
i+j+m=kΓ
iΛ2V1
⊗
Γj(V1
⊗
V2)
⊗
ΓmΛ2V2.
We have a yli subgroup of GL2(Fp) of order p+ 1 (orresponding to the ation of F
∗
p2 on
Fp2) and we may extend the oeient eld of the representation suh that we may nd a basis
e1, . . . , e4 of V suh that e1, e2 ∈ V1, e3, e4 ∈ V2 and suh that the F∗p2 of the rst GL2(Fp)-
fator ats by λ · e1 = λe1 and λ · e2 = λpe2 and similarly for the seond fator and e3 and
e4. Put eij := ei ∧ ej . so that γr(e13)γs(e14)γt(e23)γu(e24) for r + s + t + u = j form a basis
for Γj(V1
⊗
V2). Now λ ∈ F∗p2 in the rst fator ats by multipliation of λ
i(p+1)+r+s+(t+u)p
on
ΓiΛ2V1
⊗
γr(e13)γs(e14)γt(e23)γu(e24)
⊗
ΓmΛ2V2 while the same λ in the seond fator ats by
multipliation by λm(p+1)+r+t+(s+u)p. Hene in order for it to be xed by both fators we must
have
i(p+ 1) + r + s+ (t+ u)p = a(p2 − 1)
m(p+ 1) + r + t+ (s+ u)p = b(p2 − 1)
for integers a and b and we also have i + r + s + t + u +m = k. Now, onsider the ase when
k = c(p − 1), c = 1, 2, so that i + r + s+ t + u +m = c(p − 1). Adding the rst two equations
together and using the last gives us u− r = (a+ b− c)(p+1). Now, we always have the solutions
i = c(p−1), r = s = t = u = m = 0 and m = c(p−1), i = r = s = t = u = 0 and for all others we
have a, b > 0. We also have a(p2−1) = i(p+1)+r+s+(t+u)p ≤ (i+r+s+ t+u+m)(p+1) =
c(p2 − 1) and similarly for b so that a, b ≤ c with equality only if r = s = t = t = u = 0 and
r = s = t = u = m = 0, i.e., the exluded ases so that a, b < c. When c = 1 this gives a
ontradition.
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When c = 1 we thus have that the dimension of the GL(2,Fp) × GL(2,Fp)-invariants is at
most two-dimensional. On the other hand γp−1(Vi), i = 1, 2, are linearly independent invariants
and it is easy to see that the subgroup ofG ating as the identity on V1 and V/V1 ats non-trivially
on γp−1(V2) and hene the invariants are spanned by γp−1(V1).
As for the seond statement it is done by a omputer alulation
1
though it ould be done
by an unenlightening hand alulation using the restritions obtained in the rst part.
3.2 Computation of ohomology
The relevane of the previous setion omes from the fat that by Serre duality this duality
means that the Γ∗(V ) appears as the degree n ohomology of the O(m) on Pn.
Proposition 3.5 Assume that p ≥ 3.
i) We have that H0(F ,Ω1F ) = 0 and H
1(F ,Ω1F) is 1-dimensional and that H
2(F ,Ω1F ) is
GL4(F3)-equivariantly isomorphi to the kernel of the map
Γp−1V
⊕
Γ2p−2V → Γp−3V
⊕
Γp−3V
⊕
Γ2p−4V
⊕
Γp−2V
⊗
V.
Here V = Λ2F43 and Γ
p−1V maps to the rst and last fators; to the rst fator through the
ontration by the dening equation q ∈ S2V for the Grassmannian and to Γp−2V
⊗
V through
the oprodut ∆:Γ∗V → Γ∗V
⊗
Γ∗V . Similarly, Γ2p−2V maps to the last three fators, to the
rst by ontration by the equation b(x, xp) ∈ Sp+1V , to the seond by ontration by q and to
the third by the omposite of the oprodut and the p'th power map ΓpV → V (where we use
the fat that as we are working over the prime eld F3 so that F
∗V = V ).
ii) We have that H0(F˜ , TF˜) = H
0(F , TF) = 0.
iii) We have that H3(F ,Ω1F) = 0.
Proof: Starting with i) everything exept the expliit identiation of the map is a diret
onsequene of (1.3). For that identiation one goes through the proof of (1.3) and nds that
H2(F ,Ω1F ) is the kernel of the map on H
3(P5,−) indued by the map OF (−2)
⊕
OF(−p− 1)→
Ω1
P5|F indued by the dierentials of q and b. Furthermore, again from the proof one gets that
H3(P5,OF(−2) is isomorphi to the kernel of H5(P5,O(−p−5))→ H5(P5,O(−4)
⊕
O(−p−3))
given by multipliation b and q. Similarly, for OF (−p− 1)) and Ω1P5|F . We also get by the same
argument that the inlusion Ω1
P5|F → OF (−1)
6 = OF (−1)
⊗
V ∗ indues an injetion on H3.
Now, the omposite map OF (−2)
⊕
OF (−p − 1) → Ω1P5|F → OF (−1)
6
is indued on the rst
and seond fator by the partial derivatives of q resp. b(x, xp). We therefore get a ommutative
diagram mapping
H5(P5,O(−p− 5))
⊕
H5(P5,O(−2p− 4))y
H5(P5,O(−4))
⊕
H5(P5,O(−p− 3))
⊕
H5(P5,O(−2p− 2))
⊕
H5(P5,O(−p− 3))
to
H5(P5,O(−p− 3)
⊗
V ∗)y
H5(P5,O(−p− 1)
⊗
V ∗)
⊕
H5(P5,O(−2)
⊗
V ∗)
through the matrix of partial derivatives of q and b, suh that H2(F ,Ω1F ) is isomorphi to
the kernel of the map indued on the kernel of the vertial maps or, whih amounts to the
same the leftmost homology of the assoiated double omplex. Together with the identiation
H5(P5,O(−n − 6)) = ΓnV this gives the proposition exept for the identiation of the maps
1
The soure ode for the alulation an be found as http://www.math.su.se/~teke/Hirokado.mg.
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indued by the partial derivatives. Beginning with q it is lear, using the standard overing and
Ceh ohomology, that for any non-degenerate quadrati form the indued map is the omposite
of the oprodut ΓnV → Γn−1V
⊗
V and the isomorphism V −˜→ V ∗ given by the bilinear form
of the form. As for b it is lear that a partial derivative of it is the p'th power of the same
derivative of q.
Turning to ii) one proof is to note that as F is normal and F˜ → F has an exeptional set
of odimension 2 in F˜ we have that H0(F , TF) = H
0(F˜ , TF˜) and then use [Hi99, Prop. 2.7℄.
Another proof, more in the spirit of this artile is to note that, as for any omplete intersetion
of dimension ≥ 1, any vetor eld on F is indued from one on P5. Hene the global vetor elds
on F are those global vetor elds, forming the Lie algebra pgl6, on P
5
that preserve the dening
ideal of F . For degree reasons it has to preserve q and is hene given by the elements of so6 or
alternatively those of pgl4 ating on Λ
2V . Now, pgl4 is irreduible as GL4(Fp)-representation.
Indeed, by [St63℄ this is so if it is innitesimally irreduible as the maximal weight is the sum of
two fundamental ones and for the same reason it is innitesimally irreduible if it is irreduible
over GL4 (in harateristi p) whih is easily seen. Hene if there are global vetor elds, all
elements of pgl4 give rise to suh vetor elds. This is not true and to see this we reall the
traditional form of q. If we use (q1: . . . : q6) as homogeneous oordinates on P
5
then q has the
form q1q2−q3q4+q5q6 and onsequently b(x, x
p) has the form q1q
p
2+q
p
1q2−q3q
p
4−q
p
3q4+q5q
p
6+q
p
5q6.
Now, q1∂/∂q1 − q2∂/∂q2 ∈ pgl4 = so(q) but it ats on b to give q1q
p
2 − q
p
1q2 whih is easily seen
not to vanish identially on F .
Finally, iii) is a diret onsequene of ii), Serre duality and the fat that ωX is trivial.
This result will now be ombined with (3.1). Our result will be obtained by identifying
a map in the Leray spetral sequene and then omputing its rank. The latter part is done
through diret alulation and fores us to restrit to p = 3. We shall begin by setting up some
preliminaries that will be used to dene a map that is to be identied with a dierential of the
Leray spetral sequene. A further reason for the restrition to p = 3 is (3.4:ii), however as
it seems likely that it is true for all p we shall expliitly put it in as a ondition (by the same
omputer alulation as in the proof of (3.4:ii) we have veried it also for p = 5, 7).
Theorem 3.6 Let π: F˜ → F be the natural map (over the base eld Fp).
i) π∗Ω
1
F˜
= Ω1F and H
0(F , R1π∗Ω1F˜) is anonially isomorphi to the free Fp-vetor spae
Fp[Gr(2, 4)(Fp)] on the set of lines of P
3(Fp).
ii) Assume that (3.4:ii) is true with 3 replaed by p. There are non-zero elements a, b ∈ Fp
with a+ b = 0 suh that the dierential d2:H
0(F , R1π∗Ω1F˜ )→ H
2(F ,Ω1F ) in the Leray spetral
sequene Eij2 = H
i(F , Rjπ∗Ω1F˜ ) ⇒ H
i+j(F˜ ,Ω1
F˜
) is desribed, using i) and (3.5), as taking the
lass of an Fp-rational line ℓ to aγp−1(ℓ) + bγ2p−2(ℓ).
iii) Assume p = 3. Then the Hodge numbers of F˜ are given by the following table:
3 1 0 0 1
2 0 0 42 0
1 0 42 0 0
0 1 0 0 1
ji 0 1 2 3
Proof: Starting with i) it follows diretly from (3.1). As for ii) it follows from (3.4) and i)
and the fat that GL4(Fp) ats on the spetral sequene that d2 must map a line to aγp−1(ℓ) +
bγ2p−2(ℓ) for some a and b that are independent of ℓ. Furthermore, by (3.5) the element must
be mapped to zero in Γp−2V
⊗
V . Now, again by (3.5), γp−1(f) is mapped to γp−2(f)⊗ f as is
γ2p−2(f). This shows that a+ b = 0 and what remains to be shown is that a 6= 0. If this were
not the ase then we would have that d2 = 0. If so the map H
2(F ,Ω1F )→ H
2(F˜ ,Ω1
F˜
) would be
injetive. As both ωF and ωF˜ are trivial this map is dual to H
1(F , TF˜) → H
1(F˜ , T ·F), where
T ·F is the tangent omplex of F . Hene that map would be surjetive.
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Reall now that if f :X → Y is a map of varieties then the vetor spae T of k[ǫ]-deformations
of f ts into an exat sequene
H0(X, f∗T ·Y )→ T → H
1(X,T ·X)
⊕
H1(Y, T ·Y )→ H
1(X, f∗T ·Y )
(this is seen either by onsidering this as the problem of deforming X and Y and the graph of
f in X × Y or by using [Il71, Thm. III:2.1.7℄ applied to the mapping one topos of f). The
surjetivity of H1(F , TF˜) → H
1(F˜ , T ·F) ombined with the fat that Rf∗OF˜ = OF would thus
imply that any rst order deformation of F would lift to a rst order deformation of π. Consider
now suh a deformation π′: F˜ ′ → F ′. Consider a omponent E of the exeptional set of π. As the
normal bundle, by (2.4:iii), is isomorphi O(−1)2 we get that E lifts to a at k[ǫ]-urve E′ in F˜ ′
and just as in the E-ase we get that H0(E′,OF˜ ′/I
n
E′)→ H
0(E′,OE′) = Fp[ǫ] is surjetive and
as R1π∗OF˜ = 0 we have that π
′
∗OF ′ = OF ′ so that by Grothendiek's formal funtion theorem
there is a k[ǫ]-algebra map OF ′,x → Fp[ǫ]. Now, OF ′,x is a quotient of OP5,x[ǫ] by an ideal I
′
that lifts the ideal I of OX,x in OP5,x. As x is singular we have that I ⊂ m
2
. The fat that we
have a map OF ′,x → Fp[ǫ] then fores I ′ ⊂ m[ǫ]. This is not possible for all deformations of F
as it is a omplete intersetion and there will always be embedded deformations that move the
ideal out of m[ǫ].
Turning to iii) (and hene assuming p = 3) we get that the kernel of d2 is equal to the kernel
of the map F3[Gr(2, 4)(F3)] → Γ
4Λ2F43
⊕
Γ2Λ2F43 taking ℓ to γ4(ℓ) − γ2(ℓ). As Γ
2V → V
⊗
V
given by γ2(v) 7→ v ⊗ v is injetive and γ4(v) maps to the same element, this kernel is also the
kernel of ℓ→ γ4(ℓ). We may desribe this map expliitly as follows:
• The Plüker oordinates of F3-lines are the F3-points (q1: . . . : q6) ∈ P
5(F3) that are solu-
tions to q1q2 − q3q4 + q5q6 = 0.
• These are enumerated by onsidering separately the ase q1 = 0 and q1 6= 0.
• In the natural basis γi1(e1) · · · γi6(e6), where i1+ · · ·+ i6 = 4, of Γ
4F63 γ4(q1e1+ · · ·+ q6e6)
has oordinates all the degree 4-monomials in the qi.
• This gives a 130× 126-matrix.
• As a onsisteny hek we note that for eah F3-point ℓ of P3 we get a surfae Hℓ in F˜
onsisting of ℓ and any line in P3 ontaining it. Taking its Chern lass in H1(F˜ ,Ω1
F˜
) and
then its image in H0(F , R1π∗Ω1F˜) gives us a map F3[P
3(F3)] → F3[Gr(2, 4)(F3)] whose
image will lie in the kernel. As the identiation H0(F , R1π∗Ω1F˜) −˜→ F3[Gr(2, 4)(F3)] is
given by the trae map on eah urve CP in F˜ assoiated to the F3-line P we see that the
map F3[P
3(F3)] → F3[Gr(2, 4)(F3)] is given by the intersetion number (Hℓ · CP ). This
number is easily seen to be 1 if ℓ ⊂ P and zero otherwise.
By a omputer alulation
2
(whih inludes the suggested onsisteny hek) we show that
the kernel of d2 has dimension 41. As it follows from (1.3) and (3.5) that h
i(F ,Ω1F) are equal to
0, 1, 89, and 0 respetively we get the onlusion for h1i
F˜
. For h0i
F˜
it follows from (3.1) and (1.3)
and for the rest of the Hodge numbers by duality.
Proof of Theorem A: It follows from the fat that H1(X,TX) = H
1(X,Ω2X) = 0 that X is rigid in
harateristi 3 so it only remains to show that it annot be lifted to W/9W. Assume that suh
a lifting X exists. As H1(X,TX) = 0 suh a lifting is unique and hene any automorphism of
X lifts to one of X and as H0(X,TX) = 0 suh a lifting is unique. This implies that the ation
of GL4(F3) on X lifts to one on X . Let now L be the inverse image of OP5(1) under the map
X = F˜ → F →֒ Gr(2, 4) →֒ P5. We have that H1(X,L) = 0, indeed H1(X,L) = H1(F ,O(1))
by (3.1) and F is a omplete intersetion. Now, as H2(X,OX) = 0 L lifts to a line bundle L′
2
The soure ode for the alulation an be found as http://www.math.su.se/~teke/Hirokado.mg.
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on X , as H1(X,OX) = 0 suh a lifting is unique. Hene, any element of GL4(F3) lifts to an
automorphism of L′ ompatible with the given ones on L and on X . The ambiguity of lifting is
an element of 1 + 3Z/9Z ∼= Z/3 so that we get an ation of a entral extension of GL4(F3) by
Z/3. However, all suh extensions are trivial by [St81, Thm. 1.1℄.
Thus we see that the natural representation of GL4(F3) on Λ
2F3 would lift to W/9W. We
shall now show that this is impossible. Indeed, onsider the element T of GL4(F3) that takes e1
to e1 + e2 and xes the other basis elements. It is then lear that Λ
2T is of the form Id + N
where N 6= 0 and N2 = 0. We shall now show that suh an element of GL6(F3) an not be lifted
to an element also of order 3 in GL6(F3). In fat, we may replae 6 by any dimension and 3 by
any prime p ≥ 3. We start by taking a lifting of N , also denoted N , to Mn(Fp) with N2 = 0.
Any lifting of Id + N is then of the form Id +M where M = N + pP . Now, we laim that
(Id + N)p ≡ (Id +M)p mod p2. Indeed, it is lear that (Id +M)p ≡ (Id + N)p + (N + pP )p.
Expanding the seond summand and using that p ≥ 3 we get in eah term of the expansion
always a fator NN or a fator pPpP both of whih are zero. Now (Id+N)p = Id+ pN whih
is never the identity modulo p2.
4 de Rham-Witt ohomology
We shall now investigate the de Rham-Witt ohomology of X . This should be of independent
interest but it must be admitted that our original hope was that we should be able to show that
the n in (4.2) is zero and hene that the Hodge to de Rham spetral sequene is non-degenerate
whih in turn would imply that the Hirokado threefold an not be lifted to Z/9.
For the reader's onveniene we begin by a very short overview of the theory of the ohomology
of the de Rham-Witt omplex (see [Il83℄ for a more omprehensive one). The basi objets of
study are graded modules over the Raynaud ring, the graded ring over the Witt ring W = W(k)
of a perfet eld k of positive harateristi p, generated by F and V of degree zero and d of
degree 1 subjet to the relations: Fλ = λσF , λV = V λσ for λ ∈ W and σ the lifting of the
Frobenius map, FV = V F = p, dλ = λd, d2 = 0, and FdV = d. A omplex of R-modules an
then also be onsidered as a double omplex of W-modules. The ohomology of the de Rham-
Witt omplex of a smooth and proper k-variety X , RΓ(X,WΩX) is a omplex of R-modules
whose ohomology is oherent. A oherent R-module is a suessive extension of R-modules
that are either nitely generated as W-module and with d = 0 or degree-shifts of the so alled
elementary dominoes, the R-modules of the form
Ui:k
[
[V ]
] dV −i
−→
∏
n≥0
kdV n
for eah integer i, where FdV 0 = 0 (and V dV n = V FdV n+1 = pdvn+1 = 0) and we use the
onvention that dV i = F−id when i < 0. Furthermore, there is a right R-module R1 suh
that R1
⊗
RRΓ(X,WΩX) is anonially isomorphi to RΓ(X,Ω
·
X), the ohomology of the de
Rham omplex onsidered as a module over k[d] (and thus its ohomology modules is the Hodge
ohomology). In partiular, as RiΓ(X,WΩX) is zero if i is larger than the dimension n of X we
get Hn(X,ΩiX) = (R1
⊗
RH
n(X,WΩX)). Furthermore, the simple omplex assoiated to the
double omplex RΓ(X,WΩX) is the omplex whose ohomology is the rystalline ohomology
of X . The ohomology as omplex of R-modules of RΓ(X,WΩX), R
iΓ(X,WΩX) uts the
omplex up into horisontal piees whih learly diers muh from the rystalline ohomology
whih being the ohomology of the assoiated simple omplex should be thought more of as
utting up the omplex along the diagonal. There is indeed another t-struture (in the sense of
[BBD82℄) on the triangulated ategory of bounded R-omplexes with oherent ohomology that
uts up this ategory more along the diagonal (the details are to be found in [Ek86:1℄) of whih
we shall make extensive use.
We start with the following preliminary result.
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Lemma 4.1 For k ≥ 0 there is a unique (up to isomorphism) non-trivial extension
0→ U−k[−1](1) −→ Nk −→ Uk → 0
and we have H0(N) = Uk−1 and H
−1(N) = U1−k. In partiular h
0(s(N)) = h0(s(N)) = k − 1.
Furthermore, we have h0,0(N) = 1, h1,−1(N) = k, h1,−2(N) = k + 1, h2,−1(N) = k + 1,
h2,−2(N) = k, h3,−3(N) = 1, and all others are zero.
Proof: We may by shifting, (−)(ϕ) (f. [Ek86:1, p. 7℄) assume that k = 0 exept for the
statements about the Hodge numbers. Existene and uniqueness is then [lo. it., Cor. III:1.5.4℄.
Consider now an s-ayli diagonal domino M . It is lassied by its F -gauge struture S(M)
with S(M)∞ = 0 (f. [lo. it., Prop. III:1.1℄) and we have that the length of §(M)i equals
T i,−i(M), [lo. it.℄, (the use of dimk instead of length is learly a misprint). Consider now
suh an M with T 0,0(M) = T 1,−1(M) = 1 and all other T 's equal to 0. There are learly
three orresponding F -gauge strutures, all of them with S(M)0 = S(M)1 = k and S(M)i = 0
otherwise; one with F˜ = 0, V˜ = id, F˜ = id, V˜ = id, and F˜ = 0, V˜ = 0. The last ase learly
orresponds to M −˜→ U0
⊕
U0[−1](1), for the seond we U0[−1](1) as a subobjet with U0 as
quotient and the extension is non-trivial so that M = N0. In the rst ase we have an exat
sequene
0→ U0 −→ N −→ U0[−1](1)→ 0
and we now want to show that H0(N) −˜→ U1 andH−1(N) −˜→ U−1 whih implies thatN = N1.
We have that h1,0(M) = 0 beause if it isn't then by [lo. it., 4.3℄ there would be a non-zero
map M → U0 whih indues a non-zero map S(M)→ S(U0) whih learly is impossible. Using
this and onsidering the long exat sequene of H∗(R1
⊗L
R−) applied to the above short exat
sequene and using h1,i(R1
⊗L
RU0) = 1, if i = 0,−2 and 0 otherwise (f. [IlRa, Cor. 3.7℄) gives
h1,0(M) = h1,−1(M) = 0. Now, by [Ek86:1, Thm. I:1.12℄, Hi(N) is without nite torsion and is
hene a domino. As T 0,0(H0(N)) = T 0,0(N) = 1 we have that it is isomorphi to someUℓ. Now,
the fat that h1,0(N) = h1,1(N) = 0 implies that h1,0(H0(N)) = h1,1(H0(N)) = 0 and hene
ℓ = 1 by [IlRa, Cor. 3.7℄. On the other hand, for the same reason H−1(N) is also of the form
Um and as N is s-ayli H
0(s(H0(N))) is isomorphi to H1(s(H−1(N))) whih fores m = −1.
As for the Hodge numbers note to begin with that by the uniqueness N is self-dual, i.e.,
D(N) = N [3](−3) whih gives hi,j(N) = h3−i,3−j(N). The statement for the h0,j(N) is lear.
For h1,j(N), that H0(N) = Uk−1 gives h
1,0(N) = 0 and then the long exat sequene of
Hi(R1
⊗L
R−) applied to the haraterising short exat sequene for Nk gives the rest of the
h1,j(N). The rest of the Hodge number are then given by duality.
We have a nite purely inseparable map from P3 blown up at the F3-rational points to X .
This map indues an isomorphism modulo torsion whih shows that (where we assume the base
eld to be F3) H
i(X,WΩjX) is torsion exept when i = j and up to torsion H
0(X,W) = Z3,
H1(X,WΩ1X) = Z
41
3 , H
2(X,WΩ2X) = Z
41
3 , and H
3(X,WΩ3X) = Z3 (to avoid onfusion let
us reall that W(F3) = Z3). Turning our attention to the innite part of the torsion we
let as in [IlRa, p. 81℄ T ij denote the dimension of the domino starting at Hj(X,WΩiX). As
Hi(X,OX) = 0 for 0 < i < 3 we get that Hi(X,WOX) = 0 for 0 < i < 3 and H3(X,WOX)
is V -torsion free and as it is torsion we have H3(X,OX) = H
3(X,WOX)/V H
3(X,WOX) and
its dimension equals T 03. This gives T 03 = 1 and T 02 = 0. By duality (f. [Ek84, 3.5.1.1℄)
we have that T ij = T 1−i,5−j whih gives T 12 = 1 and T 13 = 0. This gives that the only non-
zero T 's are T 03 = T 12 = 1. Now R3Γ(X,WΩ·X) is without nite torsion (i.e., the torsion
of the heart, f. [IlRa, 2.4.1℄) as it would be seen in some H3(X,Ωj) (through the formula
R1
⊗
RR
3Γ(X,WΩ·X) = H
3(X,Ω∗X) of [IlRa, Thm. II:1.2℄) and all of that ohomology is already
aounted for by the fat that T 03 = 1 and H3(X,WΩ3X) = Z3. By duality, [Ek84, Thm. IV:3.5℄,
there is no nilpotent torsion in any R∗Γ(X,WΩ·X) and as also H
2(X,WOX) = 0 we see that
the only possibilities for semi-simple torsion is in H2(X,WΩjX) for j = 1, 2. This ompletes the
preliminary results on the way to proving the following theorem. In it we shall for simpliity
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work over an algebrai losure of F3 even though the result an be shown (e.g., a posteriori by
Galois desent) to be true over F3.
Theorem 4.2 i) The de Rham-Witt ohomology over F3 of the Hirokado threefold X is isomor-
phi to the diret sum (as an objet in the derived ategory of graded modules over the Raynaud
ring R)
W
⊕
W41[−1](−1)
⊕
W41[−2](−2)
⊕
W[−3](−3)
⊕
M [−3]
where W := W(F3). Furthermore, there is an n ≥ 0 suh that M ts into a distinguished
triangle
→W/pnW[1](−1)→M → N ′ →W/pnW[2](−1)→
and N ′ ts into a distinguished triangle
→ N → N ′ →W/pnW[−1](−1)→ N [1]→
where N is a diagonal domino (f. [Ek86:1, Def. III:2.1℄) whih is the unique (up to isomorphism)
extension of U−1[1](−1) by U1 (f. [IlRa, I:2.4.13℄). It is self-dual (up to an appropriate shift),
the map N ′ →W/pnW(−1) is determined by the omposite with N → N ′ and that omposite
is dual to W/pnW[−1](−1) → N [−1]. Finally, the map N → W/pnW(−1) is the unique (up
to isomorphism) non-zero suh map.
ii) The rystalline ohomology of X has the following values: H0(X/W) = H6(X/W) = W,
H1(X/W) = H5(X/W) = 0, H2(X/W) = W41, H3(X/W) = W/pnW, and H4(X/W) =
W/pnW
⊕
W41 (with the same n as in the previous part). The Hodge to de Rham spetral
sequene is degenerate preisely when n > 0.
Proof: We have that R0Γ(X,WΩ·X) is always torsion free so the omputation modulo tor-
sion gives R0Γ(X,WΩ·X) = W. Similarly, using that T
03
and T 12 are the only non-zero T 's
and that R1Γ(X,WΩ·X) ontains no nite torsion we get that it also is torsion free and so
R1Γ(X,WΩ·X) = W
41(−1). By duality the map W = R0Γ(X,WΩ·X)→ RΓ(X,WΩ
·
X) gives a
map RΓ(X,WΩ·X)→W[−3](−3) (whih is just the trae map) and from [Ek85, Cor. III:1.5.4 i℄
this map splits (it an also be split diretly by onsidering the ohomology lass of a point).
This allows us to split o as a fator W[−3](−3) as well . Let R[1,5]Γ(X,WΩ·X) be the re-
maining omplex. This time we have a map W41[−1](−1)→ R[1,5]Γ(X,WΩ·X) and a dual map
R[1,5]Γ(X,WΩ·X) → W
41[−2](−2). Again using [Ek85, Cor. III:1.5.4 i℄ this map has a setion
and we an split o W41[−2](−2)
⊕
W41[−3](3). We are left with a torsion omplex of the form
M [−3] and we an use the previously obtained results together with (3.6:iii) to get that
• The Hodge numbers of M are h00(M) = h2,−1(M) = h1,−2(M) = h3,−3(M) = 1 and the
rest are zero.
• T 00(M) = T 1,−1 = 1 and the rest are zero.
• Only H−1(M)1 and H−1(M)2 an ontain nite torsion and it is semi-simple.
• We have a duality isomorphism D(M) = M [−3](3), where D(−) is dened in [Ek84,
Def. III:2.8℄.
We shall now use these properties to desribe M . We shall onsider the diagonal ohomology
(f. [Ek86:1, Def. I:1.2℄) of M . By the properties of M we get that H˜i(M) = 0 if i 6= 0, 1 and
that H˜1(M) is the nite torsion part of H−1(M)2. On the other hand we have t1(H˜0(M)),
the maximal nite torsion subobjet of H˜0(M) (f. [lo. it., I:1.9℄) and the duality hypothesis
on M implies (f. [lo. it., I:Prop. 1.11℄) that H˜1(M) is dual to t1(H˜0(M)) and that N :=
H˜0(M)/t1(H˜0(M)) is self-dual. Consider now the distinguished triangle
→ t1(H˜0(M))→M →M ′ → t1(H˜0(M))[1]→
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and the assoiated long exat sequene of Hodge ohomology in degree 1. Using the Hodge
numbers of M gives the long exat sequene
0→ 3T → F3 → H
−2(R1
⊗
RM
′)1 → T/3T → 0
where T := H−1(t1(H˜0(M)))1 and that Hi(R1
⊗
RM
′)1 for i 6= −2. The exat sequene gives
that the dimension of 3T is 1 or 0 and as T is torsion and nitely generated as W-module
that means that T = W/pnW for some n ≥ 0. The exat sequene then also gives that
independently of the value of n we have h1,−2(M ′) = 1 and as H˜1(M) is onentrated in degree
2 we have h1,i(M ′) = h1,i(N). Note also that as H−2(R1
⊗
RM
′)1 → T/3T is non-zero so
is M ′ → t1(H˜0(M))[1]. Now, as N is a diagonal torsion omplex without nite torsion with
T 0,0 = T 1,−1 = 1 we get that H0(N) and H−1(N)(1) are 1-dimensional dominoes as they are
without nite torsion (f. [lo. it., Thm. 1.12℄) and hene isomorphi to Uk and Um for some
k and m (f. [IlRa, Prop. I:2.15℄) and by auto-duality for N we have m = −k. Furthermore,
0 = H˜0(R1
⊗
RN)
1 = H˜0(R1
⊗
RH
0(N))1 and so by [IlRa, I:2.14.6℄ k > 0. Considering now the
distinguished triangle
→ U−k[1](−1)→ N → Uk → U−k[2](−1)
and the assoiated long exat sequene together with [IlRa, Cor. I:3.7℄ gives
0→ F3 → F
k+1
3 → F3 → 0→ F
k−1
3 → 0
whih gives k = 1. Note here also that as F
k+1
3 → F3 is non-zero so is the mapUk → U−k[2](−1).
Hene by Lemma 4.1 N is isomorphi to Nk = N1.
Similarly, one shows that up to isomorphism there is only one non-zero mapN → t1(H˜0(M))[1]
and that H˜0(M) is unique up to isomorphism. Then the map H˜1(M) → N [2] is dual to this
map and one shows easily that H˜0(M)→ N indues a bijetion between maps H˜1(M) → N [2]
and maps H˜1(M)→ H˜0(M)[2].
Turning to the seond part of the theorem we note that by Lemma 4.1 N −˜→ Nk is s-ayli
(f. [Ek86:1, Def. I:3.1℄). The exat sequene
0→ T → H˜0(M)→ N → 0
now givesH0(s(H˜0(M))) = T andH1(s(H˜0(M))) = 0 and thenH0(s(M)) = T andH1(s(M)) =
H0(s(H˜1(M))) = T ∗, the latter by duality. This gives the de Rham ohomology of X and it is
also lear that the Hodge to de Rham spetral sequene degenerates preisely when rystalline
ohomology has torsion.
Remark: It follows from [DeIl87℄ that if n = 0, then X does not lift to Z/9. Unfortunately we
do not know the value of n and have therefore been fored to prove non-liftability in a dierent
fashion.
5 Smooth K3-penils on Calabi-Yau threefolds
In [S03℄ examples of non-liftable Calabi-Yau threefolds were onstruted as smooth penils of
K3-surfaes. In this setion we shall study suh penils. Note that by a supersingular K3-surfae
we shall mean, unless otherwise mentioned, a K3-surfae for whih the rank of the Néron-Severi
group is equal to 22.
We start by realling a onstrution from [lo. it.℄ as well as orreting what we laim
is a mistake in it. In chark = 2, [S03℄ onstruts a family of generalised Kummer surfaes
assoiated to the Moret-Bailly family and an automorphism of order 3 of eah bre, the family
being the minimal resolution of the quotient whih bre by bre is the minimal resolution of the
quotient. The Artin invariant of these resolutions have been omputed in [S03℄ but we give here
an alternative way of performing this alulation.
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Proposition 5.1 Let E be a supersingular ellipti urve in harateristi 2 and ζ an automor-
phism of it of order 3 xing the origin of E. Let α2 ⊂ E ×E be an embedding of group shemes
and A := E × E/α2 and denote again by ζ the automorphism of A indued by the diagonal
ation of ζ on E ×E. Then the minimal resolution X of A/ζ is a supersingular K3-surfae with
Artin invariant σ0 equal to 1 if A is isomorphi to E × E and equal to 2 if not.
Proof: That it is supersingular follows diretly for instane from the fat that the rank of the
Néron-Severi group of A equals b2 and whih means that the Brauer group of A is nite whih
implies that of X also is. Hene we have to show that the disriminant of the Néron-Severi
group, NS, of X is 4 or 16. For that we may loalise it at 2 whih we shall indeed do. Having
done that we have that NS(A/ζ) equals the xed point subgroup of NS(A) and as the up
produt is multiplied by the degree, whih is 3, we see that they have the same disriminant
(at 2). As all the singularities of A/ζ are rational double of type A2 (f. [S03, Prop. 5.2℄) we
have (outside of 3) NS = NS(A/ζ) ⊥M , where M is spanned by the exeptional urves for the
resolution map X → A/ζ. Now, again as the singularities are of type A2 the disriminant of M
is a power of 3 so that the disriminant of NS (still at 2) equals that of NS(A/ζ) and hene that
of NS(A)ζ . We shall now follow [Og79, Prop. 6.9℄ in determining the disriminant of NS(A)ζ .
Now (f. [lo. it., Cor. 1.6℄), NS(A)
⊗
Z2 equals under the rst Chern lass map the submodule
of H2(A/W) of elements w for whih Fw = 2w. Furthermore, as 3 and 2 are relatively prime
we have that H2(A/W) splits up under the ation of ζ as a diret (orthogonal under the up
produt) sum of F -rystals of the invariant part H2(A/W)ζ and its omplement M . We know
that H2(A/W) divided by the sub-W-module of elements w for whih Fw ∈ 2H2(A/W) is
anonially isomorphi to H2(A,OA). The ation of ζ on H2(A,OA) is trivial; one may for
instane use duality and the fat that it ats trivially on non-trivial 2-forms as the determinant
of the ation on the tangent spae of a xed point is 1 (f. [S03, proof of Prop. 5.2℄). Hene F is
divisible by 2 on M and the up produt on MF=2 is a perfet pairing. Thene the disriminant
of H2(A/W)ζ equals that of H2(A/W) so it is enough to ompute the latter. For that we start
by making omputations for E × E. We have that H1(E/W ) is isomorphi to the F -rystal
generated by an element u with the relation F 2u = −2u. In partiular u and Fu form a W-
basis for H1(E/W ). Then H1(E × E/W) is the diret sum of two opies of H1(E/W) whose
generators will be denoted u and v and thus a W-basis is given by u, Fu, v, Fv. This means
that H2(E × E/W) has a basis onsisting of u ∧ v, Fu ∧ Fv, u ∧ Fv, Fu ∧ v, u ∧ Fu, v ∧ Fv. It
is then easy to see that the elements of the kernel of F − 2 an uniquely be written in the form
au∧ Fu+ bv ∧Fv + 2cu∧ v+ cσFu∧Fv + du∧ Fv− dσFu∧ v, where a, b ∈ Z2, c, d ∈W(F4),
and σ is the Frobenius map on W(F4). In partiular we see that they generate a sub-W-module
of olength one in H2(E × E/W) so that the disriminant of the kernel of F − 2 is 4. Let now
(s: t) ∈ P1(k) and onsider the sub-W-module of H1(E × E/W) spanned by Fu, Fv, pu, pv,
and w := su + tv, where r ∈ W(k) is the Teihmüller representative given in vetor form by
(r, 0, 0, . . .). This is a sub-F -rystal and is the Dieudonné module for a typial member of the
Moret-Bailly penil so that we may assume that orresponds to A. We may also assume that
st 6= 0 beause if not then the member is the produt of supersingular ellipti urves and then
we may also put t = 1. We then have that w∧Fu,w∧Fv,w∧ 2u, Fu∧Fv, Fu∧ 2u, Fv∧ 2u is a
W-basis for H2(A/W). Writing them out gives su∧Fu+ v∧Fu, su∧Fv+ v∧Fv, 2u∧ v, Fu∧
Fv, 2Fu∧ u, 2Fv ∧ u and we may hange the rst to u ∧ Fu+ s−1v ∧ Fu. That means that the
kernel of F − 2 ontains apu∧Fu+ bpv ∧Fv+ pcu∧ v+ cσFu∧Fv+ du∧Fv− dσFu∧ v, with
a, b, c, d as above and it is larger preisely if there are e, f ∈W not both divisible by 2 suh that
a(u∧Fu+ s−1v∧Fu)+ b(su∧Fv+ v∧Fv) lies in the kernel of F − 2. This rst fores a, b ∈ Z2
and we get as−1 = (bs)σ whih gives a = bs3 and as s 6= 0 and not both of a and b are divisible
by p this implies s3 ∈ F2, i.e., s ∈ F4. Conversely, if s ∈ F4 we an reverse the steps so that the
disriminant equals 4 if s ∈ F4 and 16 if not. Now, the automorphism group of H1(E × E/W)
ats transitively on P1(F4) so we see that s ∈ F4 preisely when A −˜→ E × E.
We reall the theory of the period map for supersingular K3-surfaes (f. [Og79℄ and [Og82℄).
Reall to start with that if T is non-degenerate even lattie, then its disriminant group, D(T ),
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is the quotient T ∗/T where the embedding T → T ∗ is given by the salar produt. On D(T ) we
may dene a non-degenerate Q/Z-valued quadrati form by ψ(x) = x2/2 mod Z. A K3-lattie
of invariant σ0, 1 ≤ σ0 ≤ 10 is a lattie T of index (1, 21) and for whih D(T ) −˜→ (Z/p)
2σ0
with
a non-split 1/pZ/Z-valued quadrati form. Suh a lattie is unique up to isometry and we shall
x a hoie of one suh lattie. We let T0 ⊆ T
⊗
Z/p be the radial of the indued quadrati
form. Multipliation by p indues an isomorphism D(T ) −˜→ T0 and we use it to transfer the
quadrati form to T0. We also let T
′ ⊂ T
⊗
Z/p be a omplement to T0 so that in partiular the
restrition of ψ to T ′ is non-degenerate.
Let now k be a eld of positive harateristi p and π:X → S be an arbitrary family of
supersingular K3-surfaes with S smooth over k. We assume given a T -marking of π, i.e., an
isometri embedding T×S → Pic(X/S). The rst Chern lass gives a map T
⊗
OS → R
1π∗Ω
·
X/S
and, as proved in [Og79℄, the kernel, whih neessarily is ontained in T0
⊗
OS , is of the form
F ∗SK for some sub-bundle K ⊂ T0
⊗
OS that is maximal totally isotropi with respet to the
disriminant pairing on T0, hene of rank σ0 and for whihK∩F ∗K is of rank σ0−1. Furthermore,
[lo. it.℄, the image of the rst Chern lass map is ontained in F 2R1π∗Ω
·
X/S of the Hodge
ltration and the kernel of the omposite T
⊗
OS → F 2R1π∗Ω·X/S → F
2/F 1 = R1π∗Ω
1
X/S is
K + F ∗K. If we let MT be the moduli spae of suh subspaes of T0 then we thus get a map
S →MTσ0 . By results of Ogus and Rudakov-Shafarevih (f. [Og82℄ and [RS81℄) is essentially a
moduli spae for marked K3-surfaes one we admit Proposition 5.2. There are some subtleties
but a onsequene is that there exists a family of T -marked K3-surfaes over MT suh that
its pullbak along the map S → MT is isomorphi to the given family X → S (though not
neessarily as marked surfaes).
Proposition 5.2 An automorphism ating trivially on the Piard group of a supersingular
K3-surfae is the identity.
Proof: Aording to [Og79, Cor. 2.5℄ the only possible ounter example is a superspeial K3-
surfae in harateristi 2. However, aording to [RS76℄ there is a unique suh supersingular
(in the sense of ρ = 22) surfae and it is then the generalised Kummer surfae assoiated to the
square of the supersingular ellipti urve and an automorphism of order 3 (f. [S03, Prop. 5.1℄).
As both the urve and the automorphism lifts over W(k) so does the K3-surfae and then the
proof of [Og79, Cor. 2.5℄ goes through.
We have a diagram, [lo. it., 5.4.1℄,
0 F ∗K T
⊗
OS R
2π∗Ω
·
X/S F
∗K 0
0 F ∗K T
⊗
OS F
1R2π∗Ω
·
X/S K ∩ F ∗K 0
0 F ∗K K + F ∗K F
2R2π∗Ω
·
X/S 0
(5.3)
Put L := K/K ∩ F ∗K, L′ := F ∗K/K ∩ F ∗K, and M := det(K ∩ F ∗K)−1. We have that as
K∩F ∗K andK+F ∗K are subbundles that K+F ∗K/K∩F ∗K is the diret sum of L and L′ and
as K + F ∗K are annihilators of eah other we have that L
⊗
L′ = det(K + F ∗K/K ∩ F ∗K) =
det(T0
⊗
OS) = OS and thus L′ = L⊗−1. On the other hand det(K) = L
⊗
M⊗−1 and thus
det(F ∗K) = Lp
⊗
M⊗−p but on the other hand det(F ∗K) = L′
⊗
M⊗−1 = L⊗−1
⊗
M⊗−1 whih
together gives L⊗p+1 =M⊗p−1. On the other hand, It follows from (5.3) that
OS(−2) −˜→ R
2π∗OX/S = R
2π∗Ω
·
X/S/F
1R2π∗Ω
·
X/S −˜→ F
∗K/K ∩ F ∗K −˜→ L−1
and detK = L
⊗
M⊗−1 so that we get
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(detK)⊗p−1 −˜→ (R2π∗OX)
⊗2
(5.4)
Note that in partiular on MT , as K is the tautologial subbundle detK is anti-ample, and so
is R2π∗OX or by duality π∗ωX/NTσ0
.
Let now π:X → P1 be a smooth penil of supersingular (in the sense of ρ = 22) K3-surfaes
on a Calabi-Yau threefold over a eld k of harateristi p. Let σ0 = σ0(π) be the Artin invariant
of its generi bre. Let also T be a xed supersingular K3-lattie of disriminant −p2σ0 , let T0 be
the radial of T
⊗
Z/p and T ′ ⊆ T
⊗
Z/p a omplement of T0. We start by proving some results
on the ohomology of X and π, some of whih are already ontained in [S03℄ but as [lo. it.,
Lemma 1.4℄ has an inorret proof (notably the rst statement of that proof is denitely false)
we shall provide proofs for them where appropriate.
Proposition 5.5
i) Riπ∗Zℓ are onstant étale sheaves of rank 1, 0, 22, 0, and 1 for i = 0, 1, 2, 3, 4 respetively,
where ℓ is a prime dierent from p.
ii) We have b1(X) = b3(X) = b5(X) = 0, b2(X) = b4(X) = 23, and b0(X) = b4(X) = 1.
iii) We have R2π∗OX −˜→ OP1(−2).
iv) Pic(X/P1)
⊗
Z[1/p] is a onstant sheaf (of rank 22). In partiular, if η is the generi point
of P1, Γ(P1,Pic(X)) = Pic(Xη) for whih we may (and shall) hoose an isomorphism with T .
v) h0i(X) = h3i(X) = 0 for i = 1, 2 and h0i(X) = h3i(X) = 1 for i = 0, 3.
vi) −χ(Ω1X) = χ(Ω
2
X) = 24.
vii) The relative de Rham-ohomology sheaf H2DR(X/P
1) = R2π∗Ω
·
X/P1 is loally free and
hene has an integrable onnetion ∇, the Gauss-Manin onnetion. The Chern lass map
T → H2DR(X/P
1) maps T ′
⊗
OP1 to a non-degenerate horisontal submodule. Let H
′
be its
orthogonal omplement. The dimension of H2DR(X/k) equals 23− 2σ0 plus the dimension of the
spae of global horisontal setions of H ′.
Proof: The rst part follows from the proper and smooth base hange theorems and the seond
part is an immediate onsequene of the rst. For iii) we have OX −˜→ ωX = π
∗ωP1
⊗
ωX/P1
and thus R2π∗:X −˜→ ωP1
⊗
R2π∗ωX/P1 and by relative duality R
2π∗ωX/P1 = OP1 .
As for iv) it follows from i) as Pic(X/P1)
⊗
Zℓ → R
2π∗Zℓ is an isomorphism. Continuing with
v), it is [lo. it., Prop. 1.1℄ and duality. Now, vi) follows from the fat that χ(Ω1X) = −χ(Ω
2
X)
by duality, that χ(OX) = χ(Ω3X) = 0 and the fat the alternating sum of the χ's equal to the
Euler harateristi whih is 48 by ii).
Turning to vii), the loal freeness and the rank statement is lear as the de Rham ohomology
of K3-surfae is independent of the surfae. As the up-produt on T ′ is an non-degenerate we
get a splitting H2DR(X/P
1) = T ′
⊗
OP1
⊕
H ′ whih is preserved by the onnetion as the up
produt and the Chern lasses are horisontal. Furthermore, the onnetion on T ′
⊗
OP1 is the
at one and T ′ is of dimension 22 − 2σ0. Hene the statement is equivalent to saying that
the dimension of H2DR(X/k) equals 1 plus the dimension of the spae of at global setions of
H2DR(X/P
1). The wedge ltration gives a short exat sequene of omplexes.
OX
d
−−−−→ Ω1X/P1
d
−−−−→ Ω2X/P1∥∥∥ x x
OX
d
−−−−→ Ω1X
d
−−−−→ Ω2X
d
−−−−→ Ω3Xx x x
π∗Ω1
P1
d
−−−−→ π∗Ω1
P1
⊗
Ω1X/P1
d
−−−−→ π∗Ω1
P1
⊗
Ω2X/P1
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As we know that HiDR(X/P
1) = 0 for i 6= 0, 2, 4 we get exat sequenes
0→ π∗Ω·X −→ H
0
DR(X/P
1)
∇
−→ Ω1
P1
⊗
H0DR(X/P
1) −→ R1π∗Ω·X→ 0
0→R2π∗Ω
·
X −→ H
2
DR(X/P
1)
∇
−→ Ω1
P1
⊗
H2DR(X/P
1) −→ R3π∗Ω
·
X→ 0
0→R4π∗Ω
·
X −→ H
4
DR(X/P
1)
∇
−→ Ω1
P1
⊗
H4DR(X/P
1) −→ R5π∗Ω
·
X ,→ 0
where we have used [Ka70, 3.2.5℄ to identify the boundary maps with the onnetions on the
de Rham ohomology. We have anonial identiations H0DR(X/P
1) = H2DR(X/P
1) = OP1
with the at onnetion and in partiular, using the Cartier isomorphism and the rst exat se-
quene, we get that R1π∗Ω
·
X −˜→ Ω
1
P1
. The spetral sequene Hi(P1, Rjπ∗Ω
·
X)⇒ H
i+j(X,Ω·X)
degenerates for trivial reasons and hene gives a short exat sequene.
0→ H1(P1, R1π∗Ω
·
X) −→ H
2
DR(X/k) −→ H
0(P1, R2π∗Ω
·
X)→ 0
and by the seond exat sequene above we have that H0(P1, R2π∗Ω
·
X) is the spae of global
horisontal setions of H2DR(X/P
1). On the other hand, H1(P1, R1π∗Ω
·
X) = H
1(P1,Ω1
P1
) = k.
This gives vii).
Remark: If we drop the assumption that the bres are supersingular then we still get that
R2π∗Zℓ(1) is onstant and also that H
2(X,Zℓ(1)) = H
2(P1,Zℓ(1))
⊕
H0(P1,Zℓ(1)). On the
other hand, as h02 = 0 we get that all the eigenvalues of Frobenius (assuming that we speialise
for the moment to a nite eld Fq) are divisible by q and hene are of the form q times a root of
unity. By the triviality of R2π∗Zℓ(1) the same is then true for all the (losed) bres of π. This
shows that the bres of π are supersingular in the sense of the height of the Brauer group being
innite. Under the Tate onjeture it is then also supersingular in the sense of ρ = 22.
From now on we shall hoose an isometry with Pic(Xη) and T and thus π beomes a family
of T -marked surfaes. We shall also follow the proposition and hoose a omplement T ′ to
T0 ⊂ T
⊗
Z/p and let H ′ be the orthogonal omplement of the image of T ′
⊗
OP1 in H
2
DR(X/P
1).
Similarly, we let H ′′ be the orthogonal omplement of the image of T ′
⊗
OP1 in R
1π∗Ω
1
X/P1 .
Proposition 5.6
i) p ≤ 3 and if the Kodaira-Spener map of π is zero then p = 2.
ii) K/K ∩ F ∗K −˜→ OP1(2) and detK −˜→ OP1(m), where m = −6 if p = 2 and m = −4 if
p = 3.
iii) If the Kodaira-Spener map of π is non-zero then there is a non-zero map K ∩ F ∗K →
OP1(−4).
iv) H0(P1,K) = 0 and σ0 ≤ 4 if p = 2 and σ0 = 2 if p = 3.
v) If the Kodaira-Spener map is non-zero, then h1i(X) = h1i(X) = 0 for i = 0, 3 and h11(X)
and h12(X) have values aording to the following table:
p σ0 h
11 h12
2 2 26 2
2 3 25 1
2 4 24 0
3 2 24 0
vi) dimkH
2
DR(X/k) = δ + 23− σ0, where δ = 4 if p = 2 and δ = 2 if p = 3.
Proof: If the Kodaira-Spener map is zero then the map from P1 to the spae of marked
K3-surfaes fators through the Frobenius map on P1 and hene R1π∗OX is the pullbak by of
some line bundle by the Frobenius map and in partiular its degree is divisible by p. Proposition
5.5 then shows that p = 2.
Now, putting detK = OP1(−m) and using (5.4) and Proposition 5.5 we get 4 = (p − 1)m
and this implies that p ≤ 5 and (p,m) is one of the pairs (2, 4), (3, 2) or (5, 1). This proves ii).
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Consider now the short exat sequene
0→ π∗Ω1
P1
−→ Ω1X −→ Ω
1
X/P1 → 0
and the orresponding long exat sequene of higher diret images under π. We have that
π∗Ω
1
X/P1 = R
2π∗Ω
1
X/P1 = 0 as this is true brewise whih makes the long exat sequene split
up into the isomorphism Ω1
P1
−˜→ π∗Ω1X and the long exat sequene
0→ R1π∗Ω
1
X −→ R
1π∗Ω
1
X/P1 −→ Ω
1
P1
⊗
R2π∗OX −→ R
2π∗ΩX → 0.
Now the map R1π∗Ω
1
X/P1 → Ω
1
P1
⊗
R2π∗OX is the map indued by the Gauss-Manin onnetion
and as K3-surfaes fulll the innitesimal Torelli theorem and if the Kodaira-Spener map of π
is non-zero this map is non-zero. In partiular, R2π∗ΩX is then a torsion sheaf. Furthermore,
Ω1
P1
⊗
R2π∗OX −˜→ OP1(−2)
⊗
OP1(−2) = OP1(−4) so that there is a non-zero homomorphism
R1π∗Ω
1
X/P1 → OP1(−4). Assume for the moment that the Kodaira-Spener map is indeed
non-zero. It follows from (5.3) that we have a short exat sequene
T
⊗
OP1 → R
1π∗Ω
1
X/P1 → K ∩ F
∗K → 0
and as the omposite of T
⊗
OP1 → R
1π∗Ω
1
X/P1 with the Kodaira-Spener map is zero as
OP1(−4) is negative we get an indued non-zero map K ∩ F
∗K → OP1(−4) whih proves
iii). On the other hand, K ∩ F ∗K is a subbundle of T0
⊗
OP1 so it is a sum of non-positive line
bundles whih together gives that det(K ∩ F ∗K) ≤ −4 whih exludes p = 5 as in that ase the
Kodaira-Spener map is always non-zero. We have thus proved i).
Let V be the subbundle of K generated by its global setions (whih is a trivial subbundle
as K is a subbundle of a trivial bundle). Now, as in partiular V is a subbundle of K F ∗V is a
subbundle of F ∗K but as F ∗K/K ∩ F ∗K = L⊗−1 −˜→ OP1(−2) and F
∗V is trivial this implies
that F ∗V is ontained in K ∩ F ∗K but then it is ontained in V and thus equal to it so that
F ∗V = V whih means that V = V0
⊗
OP1 , where V0 ⊂ T0 is an Z/p-subvetor spae. This
means that V0 is ontained in Ks for every s ∈ P1(k). For those s for whih T equals Pic(Xs)
 true for all but a nite number of points  we have that T equals the Tate module (f. [Og79,
Def. 3.2℄) by [lo. it., Cor. 1.6℄ and hene Ks ontains V0 whih by [lo. it., 3.12.3℄ shows that
V0 = 0 and thus that H
0(P1,K) = 0. This implies that K is a sum of stritly negative line
bundles whih gives that deg detK ≤ − rk(K) = −σ0 but deg detK equals −4 if p = 2 and −2
if p = 3. We thus get iv).
To prove v) we use that π∗Ω
1
X = Ω
1
P1
and that R1π∗Ω
1
X is the kernel of the Kodaira-Spener
map R1π∗Ω
1
X/P1 → OP1(−4) so that in partiular H
0(R1π∗Ω
1
X) = H
0(R1π∗Ω
1
X/P1 ). Now, we
have R1π∗Ω
1
X/P1 = T
′
⊗
OP1
⊕
H ′′ and H ′′, by (5.3) into an exat sequene
0→ T0
⊗
OP1/K + F
∗K −→ H ′′ −→ K ∩ F ∗K → 0
and as H0(P1,K ∩ F ∗K) = 0 we get that H0(R1π∗Ω
1
X/P1) = T
′
⊗
k
⊕
H0(P1, T0/K + F
∗K).
However, as T0/K + F
∗K is a vetor bundle on P1 generated by global setions we have
that h0(P1, T0/K + F
∗K) = deg(T0/K + F
∗K) + rk(T0/K + F
∗K) = m + σ0 − 1. Fur-
ther, when the Kodaira-Spener map is non-zero we get that R2π∗ΩX is torsion. Finally, the
Leray spetral sequene for Ω1X thus gives that H
0(X,Ω1X) = H
0(P1, π∗ΩX) = 0, H
0(X,Ω3X) =
H1(P1, R2π∗ΩX) = 0 and an exat sequene
0→ H1(P1, π∗ΩX) −→ H
1(X,Ω1X) −→ H
0(R1π∗Ω
1
X)→ 0.
Combining these results the statement follows.
As for vi) we have a short exat sequene of onnetions
0→ T0
⊗
OP1/F
∗K −→ H ′ −→ F ∗K → 0
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giving an exat sequene of sheaves of horisontal setions
0→ T0
⊗
OP1/K −→ H
0(H ′,∇) −→ K
and hene an exat sequene of global horisontal setions
0→ H0(P1, T0
⊗
OP1/K) −→ H
0(P1, (H ′,∇)) −→ H0(K),
but H(K) = 0 this shows that the global horisontal setions of H ′ equals H0(P1, T0
⊗
OP1/K)
and as T0
⊗
OP1/K) is generated by global setions (and is a sheaf on P
1
) we have
h0(T0
⊗
OP1/K) = χ(T0
⊗
OP1/K) = deg(T0
⊗
OP1/K) + rk(T0
⊗
OP1/K) = δ + σ0.
The result then follows from (5.5:vii).
Lemma 5.7 Let R be a omplete loal topologially nitely generated W(k)-algebra suh that
R/pR is formally k-smooth. Then either pR = 0 or R has W(k)/p2 as a quotient.
Proof: We may write R as a quotient of W(k)
[
[t1, . . . , tn]
]
suh that the quotient map indues
an isomorphism k
[
[t1, . . . , tn]
]
−˜→ R/pR. Hene all the elements in the kernel I of the quotient
map are divisible by p. If p lies in the ideal we are nished so we may assume that every element
in I is p times a non-unit. Consider now the W(k)-homomorphism W(k)
[
[t1, . . . , tn]
]
→ W(k)
that takes the ti to p. By assumption I maps into p
2W(k) and hene we get an indued map
R→W(k)/p2.
The following result will be used to ompute the miniversal deformation spae of X .
Proposition 5.8 The forgetful map from the formal deformation funtor Dπ, of k-deformations
of π:X → P1 to the formal deformation funtor DX of X is formally smooth. More preisely
DX is the quotient of Dπ by the ation of the formal ompletion of the ompletion of PGL2.
Proof: Given a deformation Π of π S and an extension of the indued deformation X of X
over a nil-thikening S′ of S, as H2(X, :X ) = 0 we may lift Π
∗OP1(1) to a line bundle L on X .
As H1(X, π∗OP1(1)) = 0 we get that H
0(X ,L) is free of rank two and maps surjetively onto
H0(X|S ,L|S). Lifting a basis for it gives a map to P
1
S′ lifting Π. The last part follows from the
fat that the only hoies made are exatly that of a basis for H0(X ,L).
In harateristi 2 the general result of Deligne-Illusie (f, [DeIl87℄) on the degeneration of
the Hodge to de Rham spetral sequene is not appliable to threefolds. We reord some further
onsequenes of their arguments that will at as substitutes.
Lemma 5.9 i) For a smooth and proper k-variety X , k a perfet of harateristi p > 0, that
is liftable to W2(k) the dierentials d2:H
i(X,Ω1X′) → H
i+2(X,OX′) of the onjugate spetral
sequene are zero, X ′ being the pullbak of X by the Frobenius map of Speck.
ii) If furthermore, h0(Ω2X) = h
2(OX) = 0, then the dimension of H2DR(X/k) equals h
1(Ω1X).
Proof: The d2-dierentials in question are obtained in the following manner: By the Cartier
isomorphism the anonial trunation τ≤1Ω
·
X ts into the distinguished triangle
→ OX′ → τ≤1Ω
·
X → Ω
1
X′ [−1]→ OX′ [1]→
and d2 is simply H
∗(X,−) applied to the map Ω1X′ [−1] → OX′ [1]. However, by [DeIl87, Thm.
2.1℄ this map is zero. The seond part now follows diretly from the rst.
5.1 The ase σ0(pi) = 2
We shall now onsider the ase of harateristi σ0 = 2. Note that when chark = 3 we may,
as in [S03℄, onstrut, for eah polarisation L on the produt of supersingular ellipti urves
with K(L) −˜→ α3 × α3, a family of Kummer surfaes over P1 assoiated to the Moret-Bailly
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family assoiated to L. For the sake of onveniene we shall all suh a family a Moret-Bailly
family. It follows from [Og79, Thm. 7.15℄ that the moduli spae of supersingular K3-surfaes
marked with a K3-lattie with σ0 ≤ 2 is the union of these families. When chark = 2 we
an instead follow [S03℄ and use the generalised Kummer onstrution. As we have a Torelli
theorem for supersingular K3-surfaes in harateristi 2 (f. [RS81℄ and [Og83, p. 388℄) and the
oarse moduli spae of σ0 ≤ 2 K3-periods is irreduible (f. [Og79, Thm. 3.21℄) we get that the
irreduible omponents of the moduli spae of σ0 ≤ 2 K3-surfaes are all obtained in this way.
(This an presumably be proved by a variant of Ogus' proof in odd harateristi.) We shall
again all suh a family a Moret-Bailly family.
Theorem 5.10 Let π:X → P1 be a smooth and proper map over an algebraially losed eld
of harateristi 3, the bres of whih are supersingular K3-surfaes and for whih ωX is trivial.
i) π is a Moret-Bailly family, in partiular the Artin invariant of its generi bre is 2.
ii) The Hodge numbers of X are as follows
3 1 0 0 1
2 0 0 24 0
1 0 24 0 0
0 1 0 0 1
ji 0 1 2 3
iii) The k-dimension of HiDR(X/k) equals bi.
iv) Any X is arithmetially rigid, i.e., its W (k)-formal deformation spae equals Speck.
Proof: We notie to begin with that if the Kodaira-Spener is zero then π (with a given a
marking) is the pullbak over the Frobenius map of another bration whih would fore R2π∗OX
to also be the pullbak along the Frobenius map. This, however, is not possible as the degree of
R2π∗OX , −2, is not divisible by 3.
By Proposition 5.6 we see that the generi Artin invariant σ0(π) must be equal to 2 and
hene π marked by a marking of the Piard lattie of its generi bre is the pullbak of a Moret-
Bailly family by a map f :P1 → P1. Now, by [S03, Prop. 4.2℄ ωX′ for a Moret-Bailly family
π′:X ′ → P1 is trivial and hene ωX′/P1 −˜→ π
′∗O(2) and as this is also true for ωX/P1 we
onlude that f has degree 1 whih gives i).
We get the Hodge numbers from Propositions 5.5 and 5.6.
As for iii) we get the result for i = 0, 1, 5, 6 from ii) and from duality and the fat that the
Euler harateristi is 48 it is enough to determine dimkH
2
DR(X/k) whih we get from (5.6:vi).
Finally, from Lemma 5.7 we get that if X is not arithmetially rigid then there is a non-trivial
deformation of X over W(k)/9 but this ontradits [DeIl87, Cor. 2.4℄ as the Hodge to de Rham
spetral sequene of X does not degenerate.
We now turn to the ase of harateristi 2.
Theorem 5.11 Let π:X → P1 be a smooth and proper map over an algebraially losed eld
of harateristi 2, the bres of whih are supersingular K3-surfaes with the generi bre of
Artin invariant 2 and for whih ωX is trivial.
i) π is the pullbak of a Moret-Bailly family by a map P1 → P1, alled the harateristi map
of degree 2 and any suh pullbak is of the desired form. Hene the Kodaira-Spener map is zero
preisely when the harateristi map is inseparable (i.e., isomorphi to the Frobenius map).
ii) When the Kodaira-Spener map is non-zero the Hodge numbers of X are as follows
3 1 0 0 1
2 0 2 26 0
1 0 26 2 0
0 1 0 0 1
ji 0 1 2 3
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and when it is zero they are as follows
3 1 3 0 1
2 0 5 26 0
1 0 26 5 0
0 1 0 3 1
ji 0 1 2 3
iii) The k-dimensions of HiDR(X/k) equals 1, 0, 25, 4, 25, 0, and 1 for i = 0, 1, 2, 3, 4, 5, 6.
iv) The W (k)-formal deformation spae of X is smooth over k of dimension 2 if the Kodaira-
Spener of the penil is non-zero smooth over k of dimension 5 if it is.
Proof: The map from the base of π, P1, is irreduible and hene it maps to one omponent
of the moduli spae of marked K3-surfaes with Artin invariant ≤ 2, whih as we have seen is a
Moret-Bailly family. Now, for a Moret-Bailly π′:X ′ → P1 we have that R1π′∗OX′ −˜→ OP1(−1).
This an be done diretly but the quikest way is to note that by [S03, Prop. 4.2℄ the pullbak
by a map of degree 2 of P1 is OP1(−2). Hene, the harateristi map is of degree 2 and
onversely any map P1 → P1 has a pullbak the total spae of whih is Calabi-Yau. Clearly the
Kodaira-Spener map is zero preisely when the harateristi map is inseparable as that of a
Moret-Bailly family as non-zero. However, a map of degree 2 is inseparable preisely when it is
the Frobenius map.
The seond part follows when the Kodaira-Spener map is non-zero just as in the harateristi
3 ase from Propositions 5.5 and 5.6. When the Kodaira-Spener map is zero we get from the
long exat sequene of ohomology that R1π∗Ω
1
X −˜→ R
1π∗Ω
1
X/P1 and OP1(−4) −˜→ R
2π∗Ω
1
X .
This and the fat that R1π∗Ω
1
X/P1 splits as an orthogonal diret sum T
′
⊗
OP1 ⊥ T
′⊥
and that
the latter fator ts into an exat sequene
0→ OP1(6) −→ T
′⊥ −→ OP1(−6)→ 0
give the Hodge numbers.
As for the de Rham-ohomology the omputation of dimkH
2
DR(X/k) follows from (5.6:vi)
and the rest then follows from duality.
Finally, the spae of maps P1 → P1 of degree 2 is smooth (of dimension 3) and hene it
follows from Proposition 5.8 that a miniversal formal k-deformation spae is smooth. On the
other hand, as T 1X −˜→ Ω
2
X we get H
1(X,T 1X) has dimension 2 or 5. In the ase of non-zero
Kodaira-Spener map assume that a miniversal W(k)-deformation spae does not equal the k-
deformation spae then by Lemma 5.7 there would be a lifting of X to W/p2. That however
ontradits that the formulas for the Hodge numbers and dimensions of de Rham-ohomology
shows that the onditions of the seond part of Lemma 5.9 are fullled yet the onlusion is false.
The ase when the Kodaira-Spener map is zero requires some elaboration. We start by
notiing that if X is liftable to W/4 then so is the penil X → P1 as rst the line bundle O(1)
giving the map is liftable asH2(X,OX) = 0 and then the setions are liftable asH
1(X,O(1)) = 0.
Now, the obstrution for lifting the map (mapping to a xed lifting of P1) is an element of
H2(X,TX/P1) and we shall show that it is non-zero. Consider instead the Moret-Bailly family
π′:X ′ → P1 for whih we also have an obstrution in H2(X ′, TX′/P1) to the liftability of the
penil. Now, H2(TX′/P1) = H
1(P1, R1π′TX′/P1) and the same is true for any penil obtained
from the Moret-Bailly penil by taking the pullbak along any non-onstant map P1 → P1. We
have just seen that the pullbak along a separable map of degree 2 is not liftable and hene the
obstrution in H2(TX′/P1) = H
1(P1, R1π′TX′/P1) is non-zero. However, for all vetor bundles E
on P1 and all non-onstant maps f :P1 → P1, the pullbak map f∗:H1(P1, E)→ H1(P1, f∗E) is
injetive. For this one writes E as a sum of line bundles and then only the ase O(n) for n ≤ −2
is non-trivial. In that ase the okernel of O(n)→ f∗f∗O(n) has just zero as global setion.
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5.2 The ase σ0(pi) = 3
We are now going to onsider the ase of σ0 = 3 and for that we shall need some preliminaries.
We are going to identify the σ0 ≤ 3 period spae, whih by its very denition is a Deligne-Lusztig
type variety for the orthogonal group of a non-split form on F6p with the degree p + 1 Fermat
surfae in P3 whih is a Deligne-Lusztig type variety for the unitary group SU3 over Fp. That
there is suh an identiation follows from the oinidene A3 = D3. However, it is probably
easier to onstrut this orrespondene diretly and that onrete onstrution also simplies
some identiations we shall have to make.
To begin with we need to expliitly handle the Plüker embedding in harateristi 2 whih
means that we need not just a salar produt but also a quadrati form on Λ2k4. This an be
done diretly (f. [EPW00, Lemma 8.3℄) but we nd the following onstrution more natural.
For that we extend the notion of divided powers to graded ideals in Z/2-graded ommutative
algebras. The extension is straightforward; we demand that all divided powers of degree ≥ 2 be
zero and also the usual onditions with appropriately inserted signs. In partiular the even part
of suh an ideal onsidered as an ideal in the even part of the algebra will have a divided power
struture in the usual sense.
Proposition 5.12 IfM is a module over a ommutative ring R then Λ+M has a unique divided
power struture.
Proof: A divided power struture is unique as Λ∗M is generated by odd elements. To prove
existene we rst writeM as a quotient of a free module F and then Λ∗M is the quotient of Λ∗F
by the ideal generated by the kernel of the quotient map and it is lear that a divided power
struture on Λ∗F will preserve that ideal. Hene we may assume that M is free and then by a
limit argument to it being also nitely generated and then one redues to the module having rank
1 by using that the graded tensor produt of divided powers has a ompatible divided power.
The ase of rank 1 is trivial.
In partiular we get the promised quadrati form on Λ2k4 with values in Λ4k4 and it is lear
that Λ2U of a 2-dimensional subspae U of k4 is isotropi with respet to it. We shall however
need a twisted version of this onstrution. Hene let V be a 4-dimensional vetor spae over Fp2 ,
p a prime, and 〈−,−〉 a non-degenerate hermitian form on V . It indues a hermitian form on
Λ4V and there is an element w ∈ Λ4V suh that 〈w,w〉 = 1 and we x one suh w.We now dene
a semi-linear automorphism (−): Λ2V → Λ2V by u ∧ v = 〈u, v〉w, where 〈−,−〉 is the hermitian
salar produt on Λ2V indued by that on V . We laim that this is an involution. Indeed, this
is independent of the hoie of w as any other suh hoie is of the form λw with λλ = 1 and
for suh a dierent hoie the semi-linear map is u 7→ λu but λλu = λλu = u. We may hene
hoose an orthonormal basis e1, e2, e3, e4 for V and then ei ∧ ej equals ±ek ∧ eℓ, where {k, ℓ} is
the omplement of {i, j} and the sign is hosen so that ei∧ ej ∧ ek ∧ eℓ = ±e1∧ e2 ∧ e3 ∧ e4. This
shows that we have an involution.
We may now dene an Fp-vetor spae W as the xed points of the involution. We then
get a quadrati Fp-valued form ψ on W by γ2(u) = ψ(u)w. (This onstrution is essentially
independent of the hoie of w as if we hoose λw instead we may nd µ ∈ Fp2 suh that
λ = µp−1 and then multipliation by µ takes the xed points for one involution to the xed
points for the other.) It follows from general priniples that this quadrati form is the non-split
form but it an also easily be veried diretly by hoosing an expliit basis for W . We do it
only in the ase that interests us, namely when p = 2. In that ase we hoose ζ ∈ F4 \ F2 and
then ζ3 = 1. Then hoosing an orthonormal basis as before we have that ei ∧ ej + ek ∧ eℓ and
ζei∧ej+ζ−1ek∧eℓ, for {i, j} running over {1, 2}, {1, 3}, and {1, 4} and k and ℓ as before, form a
basis forW . Then it is lear that the spaes spanned by ei∧ ej + ek ∧ eℓ and ζei∧ ej + ζ−1ek ∧ eℓ
for the dierent pairs {i, j} are orthogonal to eah other and eah of them is a non-split plane.
The orthogonal diret sum of three non-split planes is non-split however.
Assume now that S is an Fp2 -sheme and L ⊂ O
4
S is a sub-line bundle. Then L ∧ O
4
S/L ⊂
Λ2O4S is a maximal isotropi sub-vetor bundle (with respet to the quadrati form ψ whih of
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ourse is isomorphi to the standard form as S is an Fp2 -sheme). Similarly, if H ⊂ O
4
S is a
rank 3 sub-vetor bundle then Λ2H ⊂ Λ2O4S is again a maximal isotropi subbundle. In this
way we get an isomorphism between P3
F
p2
and Pˇ3
F
p2
and the two irreduible omponents over
Fp2 of maximal isotropi subspaes of (W,ψ). We shall however need to identify the ation of
the Galois group of Fp2/Fp on these omponents (whih of ourse is trivial if we instead had
onsidered a split form).
Proposition 5.13 i) Let S be an Fp2 -sheme, V = F
4
p2 , 0 6= Λ
4V , and L ⊂ V
⊗
OS a sub-line
bundle. Let H ⊂ V ∗
⊗
OS be the annihilator of L. We may identify Λ2V and Λ2V ∗ using rst
the anonial identiation Λ2V ∗ = (Λ2V )∗ and then the identiation (Λ2V )∗ = Λ2V given by
u(v) = u ∧ v/w. Under this identiation L ∧ V
⊗
OS/L ⊂ Λ2V
⊗
OS and Λ2H ⊂ Λ2V ∗
⊗
OS
orrespond to eah other.
ii) Let V be a 4-dimensional vetor spae over Fp2 with a non-degenerate hermitian form and
let W be the Fp-form of Λ
2V given by the hermitian form and an element of Λ4V of square 1
and let ψ be the orresponding quadrati form on W . Let M be the moduli spae of maximal
isotropi subspaes of W . Then M salar extended to Fp2 is the disjoint union of P(V ) and
Pˇ(V ) = P(V ∗) with the universal maximal isotropi subspae on P(V ) given by L ∧ V ⊂ Λ2V
on P(V ) and the one on Pˇ(V ) by Λ2H ⊂ Λ2V , where L ⊂ V
⊗
OP(V ) and H ⊂ V
⊗
O
Pˇ(V ) are
the tautologial subbundles. The ation of σ, the p'th power map Fp2 → Fp2 , on M takes L to
the annihilator of σ∗L ⊂ σ∗V under the hermitian form.
Proof: For the rst part we use that Λ2H ⊂ Λ2V ∗
⊗
OS is the kernel of the ontration
map ℓ : Λ2V ∗
⊗
OS → . Now, the identiation Λ
2V ∗ → (Λ2V )∗ is given by f ∧ g(u ∧ v) =
f(u)g(v)− f(v)g(u) and the ontration is a derivation so that ℓ (f ∧g) = f(ℓ)g− g(ℓ)f so that
(ℓ f ∧ g)(u) = f(ℓ)g(u)− g(ℓ)f(u) = f ∧ g(ℓ ∧ u), whih means that the ontration transfers
to ℓ F (U) := F (ℓ ∧ u) for F ∈ (Λ2V )∗. Now i) means that the image of the omposite
L ∧ V
⊗
OS/L ⊂ Λ
2V
⊗
OS −˜→ (Λ
2V )∗
⊗
OS
equals the image of the omposite
Λ2H ⊂ Λ2V ∗
⊗
OS −˜→ (Λ
2V )∗
⊗
OS
but as both are subbundles of equal rank it is enough to show that the image of the rst map
lies in the image of the seond. This follows from the above formula as if F ∈ (Λ2V )∗ is dened
by F (v) := ℓ ∧ u ∧ v/w then (ℓ F )(v) = F (ℓ ∧ v) = (ℓ ∧ ℓ ∧ u ∧ v)/w = 0.
Turning to the seond part, by the denition of the involution on Λ2V it follows diretly from
the rst part.
With these preliminaries we an now identify the period spae.
Proposition 5.14 Consider the hermitian form on F4p2 for whih the standard basis is or-
thonormal and let Xp ⊂ P3F
p2
be the hypersurfae dened by xp+1 + yp+1 + zp+1 + wp+1 = 0.
Let ψ be the quadrati form on the Fp-form W of Λ
2F4p2 dened by the hermitian form and
e1 ∧ e2 ∧ e3 ∧ e4 ∈ Λ4F4p2 .
i) The salar extension to Fp2 of the period spae of maximal isotropi subbundles K for
ψ for whih K ∩ F ∗K is a subbundle of rank 3 an be identied with two opies of Xp; the
universal subbundle on one opy being L∧OXp/L ⊂ Λ
2F4p2
⊗
OXp and Λ
2H ⊂ Λ2F4p2
⊗
OXp on
the other, where L ⊂ O4Xp is the (restrition of the) universal subbundle and H its annihilator
(with respet to the standard salar produt).
ii) For eah 2-dimensional Fp2 -vetor spae V of F
4
p2 isotropi with respet to the hermitian
form, the line P1(V ) ⊂ P3 will lie in Xp and represents the spae of totally isotropi subspaes
in the rst omponent whih all ontain Λ2V . In this way one gets all the maximal isotropi
subspaes of Xp ontaining a xed 1-dimensional Fp-rational isotropi subspae. We shall all
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suh lines rational lines. The intersetions of two rational lines gives all the maximal isotropi
subspaes of Xp ontaining a xed 2-dimensional Fp-rational isotropi subspae.
iii) The determinant of the tautologial totally isotropi subbundle in the rst omponent
equals L⊗2.
Proof: For the rst part we note that if S′ is an Fp-sheme and S is its salar extension to
Fp2 , then the (absolute) Frobenius map on S fators as the omposite of the Frobenius map on
SpecFp2 and the relative Frobenius for S → SpecFp2 . Combined with Proposition 5.13 this
immediately gives the rst part.
As for the seond part an Fp-rational 1-dimensional isotropi subspae U of Λ
2F4p2 orre-
sponds by the Plüker embedding to a 2-dimensional subspae V of F4p2 and by Proposition 5.13
that U is Fp-rational is equivalent to V being isotropi.
Finally, we have that the universal subbundle is isomorphi to L
⊗
F4p2/L and hene has
determinant L⊗3
⊗
L⊗−1.
Remark: The same proof as in the proof of H0(P1,K) = 0 in Proposition 5.6 shows that for any
family X → S of supersingular K3-surfaes H0(S,K) is Fp-rational. This shows in partiular
that all lines on Xp are onstruted in the way of (5.14:ii).
We are now ready to give the desription of the penils with σ0 = 3. We note that for p = 2
the period spae is, aording to Proposition 5.14, the Fermat ubi X2. If ℓ is one of the 27
lines on X2 and H is a hyperplane ontaining ℓ, then H intersets X2 in ℓ and a residual quadri
QH . Exept for the 5 ases, for eah line ℓ, when QH is a union of two lines, QH is a smooth
plane quadri and if π:X → QH is the pullbak of the universal family of K3-surfaes on X2
it follows from (5.4) and (5.14:iii) that R2π∗OX −˜→ OQH (−2) so that the total spae of X is
a Calabi-Yau threefold. As QH does not lie in the union of the rational lines the general point
will, by (5.14:ii), have σ0 = 3. We shall all the family given by QH the residual family with
respet to H .
Theorem 5.15 Let π:X → P1 be a smooth and proper map over an algebraially losed eld
of harateristi 2, the bres of whih are supersingular K3-surfaes with the generi bre of
Artin invariant 3 and for whih ωX is trivial.
i) The period mapping of π maps P1 isomorphially to a residual quadri for one of the lines
of the Fermat ubi.
ii) The Hodge numbers of X are as follows
3 1 0 0 1
2 0 1 25 0
1 0 25 1 0
0 1 0 0 1
ji 0 1 2 3
iii) The k-dimensions of HiDR(X/k) equals 1, 0, 24, 2, 24, 0, and 1 for i = 0, 1, 2, 3, 4, 5, 6.
iv) The W (k)-formal deformation spae of X is smooth over k of dimension 1.
Proof: The period map maps P1 into the period spae and by irreduibility it lands in one
omponent and by duality or onjugation we an assume that it lands in the one given by
L
⊗
O4/L. By (5.4) and (5.14:iii) the obtained map P1 → X2 ⊂ P3 is of degree 2. If the map
is not birational onto its image, the image is a line. However, there are 27 rational lines (as for
instane there are exatly 27 isotropi non-zero elements for the non-split form on F62) and hene
all lines in X3 are rational and σ0(π) ≤ 2 and not equal to 3 as is assumed. Hene the image is
a urve Q of degree 2 and thus lies in a hyperplane H . The urve residual to Q in X2 ∩H is a
line and is hene one of the rational lines so that π is a residual family.
The formulas for the Hodge and de Rham numbers now follows from Proposition 5.5.
As for iv), by varying the hyperplane, eah residual family beomes part of a 1-dimensional
eetive family and as h1(X,T 1X) = h
21 = 1 we see that the k-deformation spae is smooth of
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dimension 1 and then we get that it equals the W(k)-deformation spae by Proposition 5.7,
Lemma 5.9, and the omputation of de Rham-ohomology dimensions and Hodge numbers.
Note that as notied in both the proposition and the previous remarks all the lines on X3
ome from rational lines. This means that a general residual quadri is a deformation of two
non-skew rational lines as suh a pair is a residual quadri for a hyperplane through any line
on a ubi. Eah line gives a σ0 = 2 family and the fat that the lines interset means that
they have a marked K3-surfae in ommon (whih has σ0 = 1). Hene the non-singular residual
quadris are deformations of a family over two rossing P1's with a point in ommon. Hene
an alternative way of showing that σ0 = 3-families exist  whih does not make use of period
theory  would be by using deformation theory to show that the family over two rossing P1's
deform. We shall now proeed by skething suh an approah. Let N be a K3-lattie with σ0 = 3
and let V ⊂ N∗/N be a totally isotropi 2-dimensional subspae and hoose e1 6= e2 ∈ V \ {0}.
The inverse images in N∗ of Z/2ei give K3-latties N1 and N2 with σ0 = 2 and N1 + N2 is a
K3-lattie with σ0 = 1. Now, there is an automorphism of N
∗/N permuting e1 and e2 and it
an be lifted (f. [Ni80, Thm. 1.14.2℄) to an automorphism ϕ of N that then permutes N1 and
N2. Pik now a smooth penil of π:X → P1 of supersingular K3-surfaes with σ0 = 2 marked
by N in suh a way that the image of N1 is the Piard group of a general bre. Choose another
marking of the penil given by the hosen one omposed with ϕ. Pik a point of P1 for whih
the Piard group of the bre is given by N1 +N2 and glue it with itself on another opy of the
penil to get a nodal genus 0 urve P . The family of K3-surfaes as well as the marking given
by the two onstruted markings on the two omponents also glues to give a family of N -marked
K3-surfaes over P . This then gives a map f :C →MN from C to the moduli spae of N -marked
K3-surfaes. This map is an immersion. This is lear outside of the singular point of C and is
true at the singular point beause in one omponent the marking has Piard group equal to N1
and on the other equal to N2. Thus we have an exat sequene
0→ L −→ f∗Ω1MN −→ Ω
1
C → 0
so that the otangent omplex T 1f of f has the form L[−1]. Furthermore, ΩMN is a vetor bundle
and Ω1C has projetive dimension 1 so that L is a vetor bundle and having rank 1 it is a line
bundle. Hene we an ompute by taking determinants of the exat sequene. Furthermore, a
line bundle on C is determined by its degree on eah of the two omponents of C. To begin
with, the degree of Ω1C is most easily omputed by realising C as two distint lines in the
plane and from that it is lear that its degree on eah omponent is −1. On the other hand,
from [Og79, Cor. 5.4℄ it follows that Ω1MN pulled bak to either of the omponents of C is
Hom(K∩F ∗K,F ∗K/K∩F ∗K) and as we have seen F ∗K/K∩F ∗K −˜→ OP1(−1) and K∩F
∗K
is an extension of OP1
⊗
ei by the similar K ∩ F ∗K for the σ0 = 2-marking whih again has
been seen to be OP1(−1). We therefore get that L −˜→ OC . Now rst order deformations of the
map f , with xed target spae, are given by elements of H1(C, T 1f ) −˜→ H
0(C,OC) −˜→ k and
obstrutions to deformations are given by H2(C, T 1f ) −˜→ H
1(C,OC) = 0. This shows that the
deformation spae of f is smooth of dimension 1 but it is easily seen that deformations that keep
the singularity over a smooth base are trivial (it is not diult to diretly show that also rst
order deformations are).
5.3 The ase σ0(pi) = 4
The possibility of there being a penil with σ0 = 4 is easily taken are of.
Theorem 5.16 There is no smooth and proper map over an algebraially losed eld of har-
ateristi 2, the bres of whih are supersingular K3-surfaes with the generi bre of Artin
invariant 4 and for whih ωX is trivial.
Proof: Indeed, we have that deg detK = −4 and K is stritly negative of rank 4 whih fores
K −˜→ OP1(−1)
4
. This gives F ∗K −˜→ OP1(−2)
4
and as F ∗K/K ∩ F ∗K −˜→ OP1(−2) we get
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that K ∩ F ∗K is isomorphi to OP1(−2)
3
. This however means that there is no non-zero map
K ∩ F ∗K → OP1(−4) and hene by Proposition 5.6 the Kodaira-Spener map is inseparable so
that π is the pullbak by the Frobenius map of a family π′:X ′ → P1. For this map we will have
K = F ∗K ′ whih is impossible as K −˜→ OP1(−1)
4
.
Proof of Theorem B: The theorem follows from Theorems 5.10, 5.11, and 5.15.
5.4 Crystalline and de Rham-Witt ohomology
We nish by omputing the rystalline ohomology of the K3-penils. As for the Hirokado
example we haven't been able to ompletely determine the de Rham-Witt ohomology, ontrary
to that ase we are able to ompletely determine rystalline ohomology and from that it is
possible to determine the de Rham-Witt ohomology up to nite ambiguity. We have however
not been able to ompletely determine this ohomology and we shall restrit ourselves to the
ase where we an avoid ambiguity.
Proposition 5.17 Let π:X → P1 be a smooth map over a eld k of harateristi p the bres
of whih are supersingular K3-surfaes with σ0 the Artin invariant of the general bre and whose
total spae is a Calabi-Yau threefold.
i) We have H0(X/W) = H6(X/W) = W, H1(X/W) = H5(X/W) = 0, H2(X/W) −˜→
W23, H3(X/W) −˜→ (W/pW)k, and H3(X/W) −˜→ (W/pW)k
⊕
W23, where k = 0 if p = 3
and k = 4− σ0 if p = 2.
ii) RΓ(X,WΩ·X) as a diret sum
W
⊕
W23[−1](−1)
⊕
M [−3]
⊕
W23[−2](−2)
⊕
W[−4](−4)
and M is a torsion omplex with the properties:
1. The Hodge numbers are h0,0(M) = h3,−3(M) = 1, h−2,−1(M) = h−1,−2(M) = h1,1(X) −
23, h1,0 = h2,−3 = h1,3(X) and h−1,−1(M) = h−2,−2(M) = h1,2(X) and the rest are zero.
2. T 0,0(M) = T 1,−1 = 1 and the rest are zero.
3. We have D(M) =M [−3](3).
iii) When p = 3 we have that M is isomorphi to the N1 of Lemma 4.1.
Proof: The rst part follows from the omputation that has been done of the de Rham-
ohomology one we know that the torsion is killed by p. For that we onsider the Leray spetral
sequene for π and rystalline ohomology. We have that Riπ∗OX/W is zero if i 6= 0, 2, 4, is
isomorphi to OX/W if i = 0, 4. For i = 2 it is the K3-rystal (f. [Og82, 5℄) assoiated to π.
As suh it ontains a Tate rystal (f. [lo. it., Prop. 5.2℄) E with E ⊂ R2π∗OX/W ⊂ E
∗
and
in partiular R2π∗OX/W/E is killed by p (as for instane E
∗/E is). Now, from the short exat
sequene of rystalline sheaves
0→ E −→ R2π∗OX/W −→ R
2π∗OX/W/E → 0
we get a long exat sequene in ohomology. Furthermore, as Γ(P1,Pic(X/P1))
⊗
OP1/W →
E is an isomorphism, E is isomorphi to a sum of 22 opies of OP1/W and so in partiular
H1(P1, E) = 0 by the omputation of rystalline ohomology of the projetive line. From this
we onlude that H1(P1, R2π∗OX/W) injets into H
1(P1, R2π∗OX/W/E) and is hene killed by
p. By the Leray spetral sequene we have H3(X/W) = H1(P1, R2π∗OX/W).
The proof that we may split up RΓ(X,WΩ·X) is the same as the proof of the same statement
in Theorem 4.2. The Hodge numbers an then be read o diretly from the known Hodge
numbers for the Calabi-Yau threefolds, the formula for the T -numbers is obtained as in (4.2) and
the duality formula follows from duality for RΓ(X,WΩ·X).
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Finally, in the ase when p = 3 we get that M is s-ayli and hene is without nite torsion.
We have in partiular that H0(M) is a 1-dimensional domino and hene is isomorphi to Uk for
some k. As also h1,0(M) = h1,3(X) = 0 we get from [IlRa, Cor. I:3.7℄ that k > 0. By duality
H1(M) = U−k(−1) and if the extension is trivial we wouldn't have that M is s-ayli. Again
by ayliity we get from Lemma 4.1 that M is isomorphi to N1.
Remark: Even though we have refrained from proving it, the fat that the de Rham-Witt
ohomology is uniquely determined up to nite ambiguity has an interesting onsequene, namely
that ontrary to the ase of supersingular K3-surfaes we an not hope to get a lassiation
of supersingular (for some denition of that term that would inlude our examples) Calabi-Yau
threefolds through ohomology (at least not the de Rham-Witt ohomology) as we have positive
dimensional families.
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